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We develop new tests of the capital asset pricing model which are valid under the 
assumption that the distribution generating returns is elliptically symmetric; this 
assumption is necessary and sufficient for the validity of the CAPM. Our test is 
based on semiparametric efficient estimation procedures for a seemingly unrelated 
regression model where the multivariate error density is elliptically symmetric. The 
elliptical symmetry assumption allows us to avoid the curse of dimensionality 
problem that typically arises in multivariate semiparametric estimation procedures, 
because the multivariate elliptically symmetric density function can be written as a 
function of a scalar transformation of the observed multivariate data. The elliptically 
symmetric family includes a number of thick-tailed distributions and so is potentially 
relevant in financial applications. Our estimated betas are lower than the OLS 
estimates, and our parameter estimates are much less consistent with the CAPM 
restrictions than the corresponding OLS estimates. 
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4 Lqwurgxfwlrq
Wkh fdslwdo dvvhw sulflqj prgho +FDSP, srvlwv wkdw wkh h{shfwhg h{fhvv uhwxuq ri dq| dvvhw lv olqhdu
lq lwv fryduldqfh zlwk wkh h{shfwhg uhwxuq rq wkh pdunhw sruwirolr/ vhh Vkdush +4<97, dqg Olqwqhu
+4<98,14 Wklv uhodwlrqvkls lv irupdol}hg lq wkh iroorzlqj htxdwlrq=
. d-o ' os n q E. d- o os  c +4,
zkhuh q ' UL d-c - o*@h d- o/ - lv wkh uhwxuq rq wkh pdunhw sruwirolr dqg os lv wkh ulvn0iuhh
udwh/ zklfk lv dvvxphg wr eh revhuyhg lq wkh Vkdush0Olqwqhu yhuvlrq1 Ghqlqj o ' . d-o  os c
htxdwlrq +4, fdq eh uhzulwwhq dv o ' qo  Wkh FDSP zdv ruljlqdoo| ghulyhg xqghu wkh dvvxpswlrq
wkdw hlwkhu lqyhvwruv srvvhvv txdgudwlf xwlolw| ixqfwlrqv ru wkdw dvvhw uhwxuqv duh qrupdoo| glvwulexwhg1
Vlqfh txdgudwlf xwlolw| ixqfwlrqv kdyh wkh lqwxlwlyho| xqdsshdolqj surshuw| wkdw wkh| duh ghfuhdvlqj
dw kljk frqvxpswlrq ohyhov/ wkh idfw wkdw wkh FDSP krogv xqghu qrupdolw| iru d pxfk eurdghu fodvv
ri xwlolw| ixqfwlrqv lv frpiruwlqj wr sursrqhqwv ri wkh prgho1 Xqiruwxqdwho|/ wkhuh lv d frqvlghudeoh
dprxqw ri hylghqfh wkdw wkh dvvxpswlrq ri qrupdolw| lv qrw dq dssursuldwh rqh iru dvvhw uhwxuqv1
Wkhuh lv d yroxplqrxv olwhudwxuh +gdwlqj edfn dw ohdvw dv idu dv Idpd +4<96/ 4<98, dqg Pdqghoeurw
+4<96,, grfxphqwlqj wkh h{fhvv wklfnqhvv ri wkh wdlov lq dvvhw uhwxuq glvwulexwlrqv uhodwlyh wr wkh
qrupdo1 Wklv wdlo wklfnqhvv lv dvvrfldwhg zlwk wkh whqghqf| ri dvvhw uhwxuqv wr wdnh ydoxhv ri h{wuhpho|
odujh pdjqlwxgh zlwk qrqqhjoljleoh suredelolw|1 Wkxv/ lw vhhpv wkdw zh zrxog qhhg wr idoo edfn rq
wkh dvvxpswlrq ri txdgudwlf xwlolw| wr mxvwli| wkh FDSP uhodwlrqvkls +4,1 Krzhyhu/ lw kdv ehhq
vkrzq wkdw dowkrxjk/ lq wkh devhqfh ri vwurqj uhvwulfwlrqv rq lqyhvwru suhihuhqfhv/ wkh dvvxpswlrq ri
qrupdolw| lv vx!flhqw wr jhqhudwh +4,/ lw lv qrw qhfhvvdu|1 Lq sduwlfxodu/ Fkdpehuodlq +4<;6,/ Rzhq
dqg Udelqrylwfk +4<;6,/ dqg prvw uhfhqwo| Ehun +4<<:, vkrz wkdw +4, fdq eh rewdlqhg xqghu wkh
dvvxpswlrq ri hoolswlfdoo| v|pphwulf uhwxuq glvwulexwlrqv zlwkrxw vwurqjo| uhvwulfwlqj suhihuhqfhv15
D udqgrp yduldeoh  lv hoolswlfdoo| v|pphwulfdoo| glvwulexwhg li lwv ghqvlw| R E fdq eh zulwwhq lq wkh
iroorzlqj idvklrq=
RE ' E_i|P3*2}EAP3c +5,
iru vrph ixqfwlrq } E dqg srvlwlyh ghqlwh/ v|pphwulf pdwul{ P1 Ehun +4<<:, vkrzv wkdw hoolswlfdo
v|pphwu| lv wkh prvw jhqhudo glvwulexwlrqdo dvvxpswlrq wkdw zloo lpso| wkh FDSP zkhq djhqwv
pd{lpl}h h{shfwhg xwlolw|/ wkdw lv/ hoolswlfdo v|pphwu| lv erwk qhfhvvdu| dqg vx!flhqw iru wkh FDSP1
Wkh hoolswlfdoo| v|pphwulf idplo| frqwdlqv wkh Jdxvvldq glvwulexwlrq dv d vshfldo fdvh/ exw pdq|
zhoo0nqrzq wklfn0wdlohg glvwulexwlrqv dovr ehorqj wr wklv fodvv 0 wkh Vwxghqw w/ orjlvwlf/ dqg vfdoh
pl{hg0qrupdo ehlqj h{dpsohv1
4Wkh pdunhw sruwirolr lv d ydoxh zhljkwhg sruwirolr ri doo dvvhwv lq wkh pdunhw1
5Vhh dovr Lqjhuvroo +4<;:,1
4
Vxssrvh wkdw zh kdyh wkh cpdunhw prgho uhjuhvvlrq* lq vwdfnhg irup
o| ' k n qoc| n |c +6,
zkhuh o|/ k/ q/ dqg | duh60yhfwruv ri/ uhvshfwlyho|/ h{fhvv uhwxuqv rq6 sruwirolrv ri dvvhwv/ lqwhufhsw
sdudphwhuv/ ehwd sdudphwhuv/ dqg uhjuhvvlrq glvwxuedqfhv1 Wkh uhjuhvvru lq hdfk htxdwlrq lv wkh
h{fhvv uhwxuq rq vrph phdvxuh ri wkh pdunhw sruwirolr1 Wlph vhulhv revhuydwlrqv rq wkh dvvhw uhwxuqv
zloo eh xvhg wr hvwlpdwh wkh sdudphwhuv ri wklv v|vwhp1 Wkh FDSP wkhru| lpsolhv wkdw wkh lqwhufhsw
yhfwru k lv d yhfwru ri }hurv1 Wklv irupxodwlrq ri wkh FDSP k|srwkhvlv lv hpsor|hg e| PdfNlqoh|
+4<;:, dqg Jleerqv/ Urvv/ dqg Vkdqnhq +4<;<,1 Wkh reylrxv dssurdfk wr whvwlqj wklv qxoo k|srwkhvlv
lv wr hvwlpdwh wkh xquhvwulfwhg prgho +6, e| ruglqdu| ohdvw vtxduhv +ROV, dqg frqvwuxfw d Zdog whvw
xvlqj wkh srlqw hvwlpdwhv ri k dqg wkhlu hvwlpdwhg vwdqgdug huuruv1
Krzhyhu/ dowkrxjk vxfk d whvw lv ydolg/ lw pd| qrw eh yhu| srzhuixo/ vlqfh ROV lv rqo| d ixoo|
h!flhqw hvwlpdwru xqghu d qrupdolw| dvvxpswlrq rq wkh huuruv61 Dv phqwlrqhg deryh/ wklv dvvxpswlrq
pd| qrw eh d yhu| jrrg rqh/ gxh wr wkh suhvhqfh ri wklfn wdlov/ zklfk vxjjhvwv wkdw hyhq pruh
h!flhqw hvwlpdwhv ri +6, wkdq ROV/ dqg pruh srzhuixo Zdog whvwv/ fdq eh rewdlqhg e| hvwlpdwlqj
wkh prgho e| pd{lpxp olnholkrrg iru vrph qrq0Jdxvvldq/ wklfn0wdlohg olnholkrrg1 Wkh sureohp wkhq
dulvhv ri vshfli|lqj d sdudphwulf ixqfwlrqdo irup iru wkh olnholkrrg ixqfwlrq1 Lq uhfhqw |hduv/ wklv
sureohp kdv ehhq dgguhvvhg wkurxjk wkh ghyhorsphqw ri d qhz fodvv ri hvwlpdwlrq phwkrgv edvhg
rq dssur{lpdwlqj wkh xqnqrzq huuru glvwulexwlrq e| hvwlpdwhv rewdlqhg wkurxjk qrqsdudphwulf
vprrwklqj1 Vhplsdudphwulf phwkrgv doorz rqh wr rewdlq urexvw dqg h!flhqw hvwlpdwruv hyhq lq wkh
devhqfh ri vxfk sdudphwulf dvvxpswlrqv dv pxowlyduldwh qrupdolw| ri wkh huuruv1 Wkhvh vhplsdudphwulf
phwkrgv duh zhoo ghyhorshg iru vlqjoh htxdwlrq hvwlpdwlrq sureohpv/ vhh iru h{dpsoh Vwrqh +4<:8,/
Elfnho +4<;5,/ dqg Nuhlvv +4<;:,1 Vrph phwkrgv kdyh dovr ehhq sursrvhg iru pxowlyduldwh gdwd/ vhh
Elfnho +4<;5, dqg Krgjvrq +4<<;e,1 Wkh edvlf lghd xqghuo|lqj vxfk hvwlpdwlrq surfhgxuhv lv wr uvw
hvwlpdwh wkh prgho e| vrph frqvlvwhqw phwkrg/ vxfk dv ROV1 Wkh ROV uhvlgxdov duh wkhq xvhg wr
irup d qrqsdudphwulf nhuqho hvwlpdwh ri wkh xqnqrzq ghqvlw| ri wkh glvwxuedqfhv1 Wklv hvwlpdwh lv
wkhq xvhg dv wkh edvlv ri d ixoo| h!flhqw/ dgdswlyh hvwlpdwru/ wkdw zloo eh dv|pswrwlfdoo| htxlydohqw
wr wkh pd{lpxp olnholkrrg hvwlpdwru1 Wklv hvwlpdwru fdq wkhq eh xvhg wr irup Zdog whvwv/ zklfk
zloo eh pruh srzhuixo wkdq wkh Zdog whvw iruphg xvlqj ROV1 Krzhyhu/ wkhuh duh sureohpv zlwk
vprrwklqj phwkrgv zlwk kljk glphqvlrqdo gdwd= wkh hvwlpdwhv duh kdug wr sorw dqg lqwhusuhw/ dqg
kdyh vorz frqyhujhqfh udwhv1 Iru wklv uhdvrq/ vrph lqwhuphgldwh vwuxfwxuhv duh ehfrplqj lqfuhdvlqjo|
srsxodu/ vxfk dv dgglwlyh prghov lq uhjuhvvlrq/ vhh iru h{dpsoh Krurzlw} +5333,1
Wkh sureohp dooxghg wr lq wkh suhfhglqj sdudjudsk lv riwhq uhihuuhg wr dv wkh fxuvh ri glphq0
6ROV zloo eh htxlydohqw wr jhqhudol}hg ohdvw vtxduhv +JOV, lq wklv prgho vlqfh wkh uhjuhvvru yhfwru lv lghqwlfdo
dfurvv wkh htxdwlrqv ri wkh v|vwhp1
5
vlrqdolw| dqg lv ri sduwlfxodu uhohydqfh wr rxu sureohp ri h!flhqwo| hvwlpdwlqj +6,1 Vhh Vloyhupdq
+4<;9/ sdjh <7, iru d gudpdwlf looxvwudwlrq ri wkh hhfwv ri glphqvlrqdolw| rq hvwlpdwlqj d qrupdo
ghqvlw| dw wkh ruljlq1 Dowkrxjk wkh vhplsdudphwulf wkhru| vd|v wkdw dv|pswrwlfdoo| wkhvh hhfwv
glvdsshdu zkhq wkh surshuwlhv ri wkh sdudphwhu hvwlpdwhv duh ehlqj frqvlghuhg/ lq hyhq txlwh odujh
vdpsohv wkh| gr qrw1 Li wkh qxpehu ri dvvhwv lq rxu v|vwhp lv dw doo odujh/ wkhq wkh dssolfdwlrq
ri wkh vhplsdudphwulf phwkrgv uhihuuhg wr lq wkh suhfhglqj sdudjudsk ehfrphv sureohpdwlf dqg lw
zrxog vhhp wkdw zh vkrxog idoo edfn rq sdudphwulf dssurdfkhv vxfk dv ROV1 Krzhyhu/ li zh h{sorlw
wkh hoolswlfdo v|pphwu| dvvxpswlrq xqghuo|lqj wkh FDSP/ wkhq zh kdyh wkh rssruwxqlw| wr dyhuw
wkh fxuvh ri glphqvlrqdolw|1 Rzhq dqg Udelqrylwfk +4<;6,/ lq vkrzlqj wkdw wkh FDSP zrxog krog
xqghu hoolswlfdo v|pphwu|/ dovr vxjjhvwhg wkdw wkh srvvlelolw| ri hoolswlfdo v|pphwu| vkrxog eh wdnhq
lqwr dffrxqw lq wkh irupxodwlrq ri hfrqrphwulf prghov ri wkh FDSP1 Lq uhfhqw |hduv/ lw kdv eh0
frph srvvleoh/ gxh wr vrph ri wkh dgydqfhv lq hfrqrphwulf hvwlpdwlrq wkhru| dooxghg wr deryh/ wr
lqfrusrudwh wkh jhqhudo dvvxpswlrq ri hoolswlfdo v|pphwu| lqwr dq hfrqrphwulf prgho zlwkrxw kdylqj
wr eh pruh vshflf derxw wkh dfwxdo ixqfwlrqdo irup ri wkh glvwulexwlrq1 Dv zh fdq vhh iurp +5,/
wkh 60glphqvlrqdo huuru glvwulexwlrq R E lv sursruwlrqdo wr wkh rqh0glphqvlrqdo ixqfwlrq } E  Wkh
lpsolfdwlrq lv wkdw zh fdq rewdlq d qrqsdudphwulf hvwlpdwh ri wkh iruphu wkurxjk wkh qrqsdudphwulf
hvwlpdwlrq ri wkh odwwhu/ zklfk/ ehlqj d rqh0glphqvlrqdo qrqsdudphwulf hvwlpdwlrq sureohp/ lv qrw
vxemhfw wr wkh fxuvh ri glphqvlrqdolw|1 Wklv lqwxlwlrq lv vkrzq wr eh fruuhfw e| Vwxwh dqg Zhuqhu
+4<<4,1
Wkh hfrqrphwulf frqwulexwlrq ri wkh suhvhqw sdshu lv wr ghyhors dgdswlyh hvwlpdwruv lq d vhplsdud0
phwulf olqhdu vhhplqjo| xquhodwhg uhjuhvvlrq +VXU, prgho/ doorzlqj iru frlqwhjudwlqj uhjuhvvlrqv dv
zhoo dv vwdqgdug vwdwlrqdu| uhjuhvvlrqv/ lq zklfk wkh huuru ghqvlw| lv ri xqnqrzq irup1 Wr ryhufrph
wkh fxuvh ri glphqvlrqdolw|/ zh irfxv rq wkh uhvwulfwlrq wkdw wkh pxowlyduldwh ghqvlw| lv hoolswlfdoo|
v|pphwulf1 Hoolswlfdo v|pphwu| lv dovr lpsruwdqw iru d qxpehu ri vwdwlvwlfdo uhdvrqv/ zklfk pdnhv
rxu zrun wudqvihudeoh wr d qxpehu ri rwkhu sureohpv1 Lw doorzv iru ohswrnxuwlf pdujlqdov/ dqg/ dv
phqwlrqhg deryh/ d qxpehu ri lpsruwdqw wklfn0wdlohg glvwulexwlrqv ehorqj wr wklv idplo| ^vhh Wdeoh
614 ri Idqj/ Nrw}/ dqg Qj +4<<3,`17 Vlplodu vhplsdudphwulf prghov kdyh ehhq h{soruhg suhylrxvo| lq
Elfnho +4<;5,/ Mhjdqdwkdq +4<<8, dqg Krgjvrq +4<<;d,1 Wkhvh dxwkruv ghqhg dgdswlyh hvwlpdwruv
ri wkh lghqwldeoh sdudphwhuv lq ydulrxv uhjuhvvlrq prghov1 Krzhyhu/ wkhlu sursrvhg hvwlpdwhv gr qrw
h{sorlw wkh glphqvlrqdolw| uhgxfwlrq lpsolhg e| hoolswlfdo v|pphwu| dqg frqvhtxhqwo| vxhu vhulrxv
vpdoo vdpsoh frvwv1 Zkdw lv uhtxluhg khuh lv hvwlpdwlrq ri d pxowlglphqvlrqdo ghqvlw| ixqfwlrq
dqg lwv uvw ghulydwlyh1
Zh qg wkdw dffrxqwlqj iru wkh wdlo wklfnqhvv suhvhqw lq gdlo| vwrfn uhwxuqv lq wkh qrqsdudphwulf
7Vhh Ihuqäqgh}/ Rvlhzdovnl/ dqg Vwhho +4<<8, iru vrph jhqhudol}dwlrqv ri hoolswlfdo v|pphwu| wkdw duh lqwhuhvwlqj
iurp d vwdwlvwlfdo srlqw ri ylhz1
6
pdqqhu ghvfulehg deryh zloo lqghhg kdyh hhfwv rq rxu lqihuhqfh lq wkh FDSP1 Rxu uhvxowv duh
glvfxvvhg lq ghwdlo lq Vhfwlrq 8/ exw rxu edvlf qglqj lv wkdw wkh vwrfn uhwxuqv dv prghoohg lq +6, fdq
eh h{sodlqhg ohvv e| pdunhw uhwxuqv dqg pruh e| idfwruv qrw dffrxqwhg iru lq wkh edvlf prgho wkdq
pd| eh vxjjhvwhg e| ROV hvwlpdwlrq1 Lq sduwlfxodu/ rxu vhplsdudphwulf hvwlpdwhv |lhog hvwlpdwhv
ri q wkdw duh jhqhudoo| vpdoohu/ dqg hvwlpdwhv ri k wkdw duh jhqhudoo| odujhu/ wkdq wkrvh rewdlqhg
e| ROV1 Wkhvh uhvxowv rewdlq hyhq zkhq srvvleoh frqglwlrqdo khwhurvnhgdvwlflw| lq wkh uhjuhvvlrq
glvwxuedqfhv lv prghoohg qrqsdudphwulfdoo| ru wkurxjk xvh ri d JDUFK prgho 0 wkh lpsolfdwlrq
ehlqj wkdw wklfn wdlov duh suhvhqw hyhq zkhq zh dffrxqw iru frqglwlrqdo khwhurvnhgdvwlflw| dqg wkdw
rxu vhplsdudphwulf dgdswlyh phwkrgv zloo vwloo slfn xs uhvlgxdo qrq0Jdxvvldqlw| dqg wkhuhiruh ohdg
wr lpsuryhg lqihuhqfh1 Zh qg/ lq idfw/ wkdw uhmhfwlrqv ri wkh FDSP lq wklfn0wdlohg gdlo| gdwd duh
pruh olnho| wr eh rewdlqhg xvlqj wkh h!flhqw hvwlpdwru wkdq wkh| duh zkhq zh xvh wkh lqh!flhqw
ROV dv wkh edvlv ri d whvw vwdwlvwlf1
Lq Vhfwlrq 5/ zh lqwurgxfh wkh frlqwhjudwhg dqg qrq0frlqwhjudwhg VXU prghov wkdw zh duh lq0
whuhvwhg lq dqdo|}lqj1 Rxu dssolfdwlrq wr wkh fdslwdo dvvhw sulflqj prgho +FDSP, rqo| lqyroyhv
wkh qrq0frlqwhjudwhg prgho/ exw ghyhorslqj wkh wkhru| iru frlqwhjudwhg prghov frphv dw olwwoh h{0
wud frvw dqg kdv srvvleoh dssolfdwlrqv/ vxfk dv iruzdug xqeldvhgqhvv whvwv ^Skloolsv/ PfIduodqg dqg
PfPdkrq +4<<9,`1 Lq Vhfwlrq 6/ zh rxwolqh d irupxod iru frpsxwlqj dq dgdswlyh hvwlpdwru xqghu
rxu dvvxpswlrqv1 Vhfwlrq 7 glvfxvvhv vrph ixuwkhu lvvxhv lqfoxglqj erxqgdu| fruuhfwlrq/ edqgzlgwk
fkrlfh/ wudqvirupdwlrq fkrlfh/ dqg Ehudq*v +4<:<, whvw iru hoolswlfdo v|pphwu|/ Vhfwlrq 8 uhsruwv wkh
uhvxowv ri rxu hpslulfdo dqdo|vlv ri wkh FDSP/ zkloh Vhfwlrq 9 lqyhvwljdwhv wkh shuirupdqfh ri wkh
hvwlpdwru wkurxjk d Prqwh Fduor vlpxodwlrq dqdo|vlv1 D pdwkhpdwlfdo dsshqgl{ frqwdlqv surriv1
Zh xvh nn ' |hA*2 wr ghqrwh wkh Hxfolghdq qrup ri d yhfwru ru pdwul{ / zkloh $ ghqrwhv
frqyhujhqfh lq suredelolw| dqg , vljqlhv zhdn frqyhujhqfh ri suredelolw| phdvxuhv1 Zh vd| wkdw
f Efc T  zkhq f lv pl{hg qrupdo zlwk +srvvleo|, udqgrp fryduldqfh pdwul{ T
5 Prghov
Lq wklv vhfwlrq zh frqvlghu wkh vshflfdwlrq dqg hvwlpdwlrq ri d jhqhudo vhhplqjo| xquhodwhg uhjuhv0
vlrqv +VXU, prgho1 Wkh FDSP uhjuhvvlrq +6, idoov zlwklq wklv fodvv/ exw zh frqvlghu d jhqhudo
VXU vshflfdwlrq/ dovr doorzlqj iru wkh srvvlelolw| ri frlqwhjudwlqj uhjuhvvlrqv1 Wklv lv ehfdxvh wkh
phwkrgrorjlfdo frqwulexwlrq ri wkh sdshu lqyroyhv wkh lqwurgxfwlrq d qhz whfkqltxh iru wkh h!flhqw
hvwlpdwlrq ri vxfk prghov/ dqg wkh udqjh ri srvvleoh dssolfdwlrqv ri wkh hvwlpdwru lv txlwh eurdg1
Frqvlghu wkh 60htxdwlrq vhhplqjo| xquhodwhg uhjuhvvlrq prgho
+| ' kn %|q n | G' |w n |c | ' c    c ?c +4,
7






















-6n&c zkhuh & ' & n    n &6 Wkh huuru whupv | 5 U6 duh l1l1g1/ phdq }hur lqqrydwlrqv zlwk
.E|A|  ' P Khuh/ wkh uhjuhvvruv %| pd| eh hlwkhu lqwhjudwhg ri rughu rqh +L+4,, ru vwdwlrqdu| dqg
hujrglf1 Lq hlwkhu fdvh/ zh dvvxph wkdw %| dqg | duh lqghshqghqw +l1h1 wkdw wkh uhjuhvvruv duh vwulfwo|
h{rjhqrxv,1 Lq wkh vwdwlrqdu| fdvh/ zh dvvxph wkdw %| kdv qlwh vhfrqg prphqw/ dqg lq wkh L+4, fdvh
zh dvvxph wkdw wkh vshfwudo ghqvlw| ixqfwlrq ri {%| lv qlwh dqg srvlwlyh ghqlwh zkhq hydoxdwhg
dw wkh ruljlq1 Zkhq wkh uhjuhvvruv duh L+4,/ hdfk ri wkh 6 uhjuhvvlrqv lv frlqwhjudwlqj1 Zkhq wkh
uhjuhvvruv duh vwdwlrqdu|/ wkh dv|pswrwlf surshuwlhv ri ohdvw vtxduhv hvwlpdwruv duh vwdqgdug1 Vrph
yduldwlrqv rq wkh edvlf prgho duh ri lqwhuhvw1 Iluvwo|/ wkh uhjuhvvlrq pdwul{ w frxog eh vxemhfw wr
qrqolqhdu furvv htxdwlrq uhvwulfwlrqv1 Wklv fdq eh h{suhvvhg e| zulwlqj wE#c iru vrph yhfwru # ri
ghhs sdudphwhuv1 Vhfrqgo|/ dq lpsruwdqw fodvv ri prghov iru pdfurhfrqrplfv duh vwdwlrqdu| YDU*v
lq zklfk wkh uhjuhvvru pdwul{ lv d odjjhg ghshqghqw yduldeoh1
Zh vxssrvh wkdw wkh huuru kdv d Ohehvjxh ghqvlw| RE wkdw lv devroxwho| frqwlqxrxv zlwk uhvshfw
wr Ohehvjxh phdvxuh1 Zh vkdoo dvvxph wkdw R lv hoolswlfdoo| v|pphwulf1
Ghilqlwlrq1 Dq 60glphqvlrqdo ghqvlw| ixqfwlrq RE lv hoolswlfdoo| v|pphwulf li lw fdq eh zulwwhq
lq wkh irup E_i|P3*2 }EAP3 iru vrph vfdodu ghqvlw| jhqhudwlqj ixqfwlrq }E dqg pdwul{ P1
Wkh sudfwlfdo frqwhqw ri wkh hoolswlfdo v|pphwu| uhvwulfwlrq dulvhv iurp wkh idfw wkdw wkh ixqfwlrq }
kdv rqo| d vfdodu dujxphqw1 Qrwh wkdw wkh pdwul{ P lv lghqwlhg rqo| xs wr d vfdodu pxowlsoh/ dv vfdoh
wudqvirupdwlrqv lq P fdq eh lqfrusrudwhg lqwr wkh ixqfwlrq }1 Zlwkrxw orvv ri jhqhudolw|/ zh vkdoo xvh
wkh qrupdol}dwlrq _i| EP '  Xqghu wklv qrupdol}dwlrqc P lv sursruwlrqdo wr wkh fryduldqfh pdwul{
ri / zklfk zh ghqrwh e| P/ vr wkdw P ' SP/ zkhuh S ' E_i|P
*6/ l1h1/ P ' P*E_i| P
*6
^f1i1 Nhonhu +4<:3, dqg Vwxwh dqg Zhuqhu +4<<4,`1 Dovr zruwk qrwlqj lv wkh idfw wkdw wkh lqirupdwlrq
pdwul{ ri R/ lR/ lv sursruwlrqdo wr wkh lqyhuvhv ri wkhvh pdwulfhv ^f1i1 Plwfkhoo +4<;<,`1
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c
8
dqg d vwdqgdug hvwlpdwlrq phwkrg lv wr fkrrvh w wr pd{lpl}h u?EwZh ghqh wkh zhljkwlqj pdwul{




li %| duh lqwhjudwhg1
Wkhvh vwuxfwxuhv iru B? duh dvvrfldwhg zlwk wkh idfw wkdw wkh udwh ri frqvlvwhqf| ri hvwlpdwruv lq qrq0
frlqwhjudwhg prghov lv ?*2/ zkhuhdv lq frlqwhjudwlqj uhjuhvvlrqv lw lv ?*2 iru lqwhufhsw sdudphwhuv dqg
? iru vorsh sdudphwhuv1 Rqh hvwlpdwlrq vwudwhj| zklfk dyrlgv frpsolfdwhg qrqolqhdu rswlpl}dwlrq
dvvrfldwhg zlwk qrq0Jdxvvldq Rc lv wr xvh d wzr0vwhs Qhzwrq0Udskvrq hvwlpdwru w vwduwlqj iurp
d suholplqdu| B3? 0frqvlvwhqw hvwlpdwru ew wkdw zdv rewdlqhg iurp wkh Jdxvvldq olnholkrrg1 Wklv
dssurdfk wr hvwlpdwlrq dssduhqwo| ruljlqdwhv zlwk U1D1 Ilvkhu/ vhh Urelqvrq +4<;;,/ dqg kdv ehhq
zlgho| xvhg lq hfrqrphwulfv iroorzlqj Urwkhqehuj dqg Ohhqghuv +4<98,1 Xqghu jhqhudo frqglwlrqv/
wklv zloo eh uvw rughu dv|pswrwlfdoo| htxlydohqw wr wkh pd{lpxp olnholkrrg hvwlpdwru +POH,/ l1h1/
B3? Ew  wf,EfcL3c
zkhuh wkh dv|pswrwlf lqirupdwlrq pdwul{ L lv vxfk wkdw B? EY2u? Ewf *YwYw B? , L1 Lq rughu wr
ghulyh dq h{suhvvlrq iru L/ zh ghqh )E ' RE*REc wkh 60glphqvlrqdo vfruh yhfwru ri R/ dqg
lR '
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dqg Eo lv d &0glphqvlrqdo Eurzqldq prwlrq zlwk fryduldqfh pdwul{ htxdo wr wkh orqj uxq fr0
yduldqfh pdwul{ ri {%|c iru hyhu|  ' c    c6 Qrwh wkdw lq wkh fdvh ri frlqwhjudwlrq/ L lv udqgrp/
khqfh wkh pl{hg qrupdo olplw wkhru|1
Zh dovr xvh d Qhzwrq0Udskvrq lwhudwlyh dssurdfk wr hvwlpdwlrq exw pxvw uhsodfh wkh xqnqrzq
ghqvlw| R e| d qrqsdudphwulf hvwlpdwru> wkxv rxu dgdswlyh hvwlpdwru hw zloo kdyh wkh irup
hw ' ew n B?eL3? Eewe{?Eewc +7,
zkhuh e{? dqg eL? duh hvwlpdwhv ri wkh uvw dqg vhfrqg vwdqgdugl}hg ghulydwlyhv ri u? uhvshfwlyho|1
Wkhlu frpsxwdwlrq lv ghvfulehg lq Vhfwlrq 7 ehorz1 Lq sduwlfxodu/
9
e{?Eew ' B? ?[
|'
|e)|Ee|c
zkhuh e)|Ee| lv d frqvlvwhqw hvwlpdwru ri wkh 60glphqvlrqdo vfruh yhfwru )E|c zkloh e| ' +|  |ew1
Wkh vwdqgdug dssurdfk wr wklv sureohp lv wr xvh pxowlyduldwh nhuqho hvwlpdwhv eR dqg eR wr frqvwuxfwe)c zlwk vrph revhuydwlrqv srvvleo| ehlqj wulpphg/ vhh Elfnho +4<;5,1 Xqiruwxqdwho|/ li 6 lv odujh
vxfk hvwlpdwhv zloo kdyh srru shuirupdqfh gxh wr wkh fxuvh ri glphqvlrqdolw|/ vhh Kçugoh dqg Olqwrq
+4<<7,1 Zh vkrz krz wr frqvwuxfw d e)|E wkdw wdnhv dgydqwdjh ri rxu hoolswlfdo v|pphwu| dvvxpswlrq
dqg hpsor|v rqo| rqh0glphqvlrqdo vprrwklqj rshudwlrqv18
Wkh ydoxh ri xvlqj vxfk dq hvwlpdwru udwkhu wkhq ROV lv wkdw lw zloo grzqzhljkw rxwo|lqj revhuyd0
wlrqv lq d urexvw dqg rswlpdo pdqqhu/ dq lpsruwdqw frqvlghudwlrq zkhq zh duh idflqj gdwd wkdw duh
gudzq iurp d wklfn0wdlohg ghqvlw|/ l1h1 rqh wkdw kdv kljk rxwolhu suredelolw|1 Wr looxvwudwh wkh hhfw ri
fkrrvlqj wkh vfruh ixqfwlrq )/ qrwh wkdw frpsxwlqj d pd{lpxp olnholkrrg ru svhxgr0pd{lpxp olnh0





htxdo wr }hur1 Li zh lqfruuhfwo| vshfli| d Jdxvvldq olnholkrrg/ wkhq wkh vfruh )E zloo eh sursru0
wlrqdo wr 1 Qrz/ li wkh wuxh ghqvlw| ri  kdv wklfn wdlov/ wkhq zlwk qrqqhjoljleoh suredelolw|/ zh
zloo rewdlq yhu| odujh uhdol}dwlrqv ri  +odujh dffruglqj wr dq| qrup,/ zklfk lpso| yhu| odujh uh0
dol}dwlrqv ri ) E/ wkh suhvhqfh ri zklfk zloo whqg wr glvwruw wkh vxp ghqlqj rxu hvwlpdwru/ dqg
vr glvwruw wkh hvwlpdwru1 Li wklfn wdlov duh d srwhqwldo sureohp/ wkhq rqh zrxog suhihu wr xvh d pruh
urexvw hvwlpdwru/ l1h1 dq hvwlpdwru lq zklfk wkh ixqfwlrq ) E lv qrw eorzlqj xs dv  lqfuhdvhv1 Iru





/ dqg li d orjlvwlf glvwulexwlrq lv vshflhg wkhq lw zloo eh sursruwlrqdo wr


 n 2 i TEA  Duelwudu| vshflfdwlrq ri vxfk d svhxgr0olnholkrrg zloo ohdg wr d grzqzhljkwlqj
ri rxwolhuv wkdw zloo surgxfh d urexvw/ exw qrw qhfhvvdulo| rswlpdo/ hvwlpdwru1
Wkh dwwudfwlrq ri rxu vhplsdudphwulf dssurdfk lv wkdw rxu qrqsdudphwulf vfruh ixqfwlrq e)E lv
qrw fkrvhq duelwudulo| exw lv fkrvhq edvhg rq d nhuqho hvwlpdwh ri wkh ghqvlw| ri wkh glvwxuedqfhv1 Wkxv
lw zloo grzqzhljkw rxwolhuv lq d zd| wkdw uhdfwv wr wkh dfwxdo wdlo wklfnqhvv h{klelwhg lq wkh hpslulfdo
glvwulexwlrq ri wkh gdwd/ dqg wkdw grhv vr lq d pdqqhu wkdw lv rswlpdo lq wkh vhqvh ri gholyhulqj dq
dv|pswrwlfdoo| h!flhqw hvwlpdwru1 Qrz/ li wkh lqqrydwlrq ghqvlw| lv iurp d wklfnhu0wdlohg idplo| wkdq
wkh Jdxvvldq/ wkhq dq| qlwh vdpsoh zloo whqg wr h{klelw pruh rxwolhuv +l1h1 gdwd srlqwv iru zklfk
A lv odujh, wkdq lw zrxog li wkh glvwulexwlrq zhuh Jdxvvldq1 Wklv kljkhu rxwolhu iuhtxhqf| lq wkh
gdwd zloo ohdg xv wr frpsxwh d qrqsdudphwulf hvwlpdwh ri wkh huuru ghqvlw| wkdw kdv wklfnhu wdlov wkdq
8Dv vkrzq lq Vwxwh dqg Zhuqhu +4<<4, wkhvh surfhgxuhv hqvxuh ghqvlw| hvwlpdwruv zkrvh srlqwzlvh udwh ri frqyhu0
jhqfh lv wkh rqh0glphqvlrqdo udwh1
:
d Jdxvvldq +wkh wdlov ri wkh ghqvlw| hvwlpdwh zloo eh ehkdylqj pruh dqg pruh olnh wkrvh ri wkh wuxh
ghqvlw| dv rxu vdpsoh vl}h lqfuhdvhv,1 Frqvhtxhqwo|/ wkh vhplsdudphwulf hvwlpdwru ri rxu uhjuhvvlrq
sdudphwhuv wkdw pdnhv xvh ri wklv qrqsdudphwulf ghqvlw| hvwlpdwh zloo whqg wr grzqzhljkw rxwolhuv lq
d zd| dssur{lpdwlqj wkh grzqzhljkwlqj wkdw rffxuv zlwk wkh fruuhfwo| vshflhg pd{lpxp olnholkrrg
hvwlpdwru/ wkh txdolw| ri wkh dssur{lpdwlrq lqfuhdvlqj zlwk vdpsoh vl}h1
6 Hvwlpdwlrq
Wkh irupxod iru dq dgdswlyh hvwlpdwru jlyhq lq +7, deryh suhvxssrvhg wkh h{lvwhqfh ri frqvlvwhqw
vfruh dqg lqirupdwlrq hvwlpdwruv e)| dqg eL?1 Lq wklv vhfwlrq/ zh surylgh dq dojrulwkp iru frpsxwlqj
qrqsdudphwulf hvwlpdwhv ri wkhvh txdqwlwlhv zkloh lpsrvlqj wkh uhvwulfwlrq wkdw wkh huuruv i|j kdyh dq
hoolswlfdoo| v|pphwulf glvwulexwlrq1 Uhfdoo wkdw wkh hoolswlfdo v|pphwu| dvvxpswlrq doorzv xv wr uhgxfh














zkhuh  ' 0A 0 Zh fdq wkxv rewdlq dq lqgluhfw hvwlpdwh ri wkh ghqvlw| ri  iurp d gluhfw hvwlpdwh ri




zkhuh S6 ' Z
6*2*KE6*2
Lw pd| eh suhihudeoh iru frpsxwdwlrqdo uhdvrqv wr gluhfwo| hvwlpdwh wkh ghqvlw| ri wkh udqgrp
yduldeoh 5 '  E/ udwkhu wkdq wkdw ri  lwvhoi/ dqg lq rxu wkhru| zh doorz iru hvwlpdwlrq ri d jhqhudo
Er{0Fr{ +4<97, wudqvirupdwlrq E ' El  *l Zh glvfxvv rxu fkrlfh ri l lq rxu hpslulfdo dqg
vlpxodwlrq zrun ehorz1 Zh zloo xvh gluhfw nhuqho hvwlpdwhv ri wkh ghqvlw| ri 5/ jlyhq e| E5c wr
lqgluhfwo| rewdlq frqvlvwhqw hvwlpdwhv ri wkh vfruh dqg lqirupdwlrq ri R1 E| Wkhruhp 51415 ri Fdvhood
dqg Ehujhu +4<<3, zh kdyh
E5 ' E3E5 
Y3E5Y5
 ' S6 3E56*23 }E3E5  a E5c
zkhuh aE5 ' mY3E5*Y5m Wkxv/ }E ' S36 a3 i Ej 36*2 i Ej  Wklv jlyhv xv rxu ghvluhg
h{suhvvlrq iru }E 0 dqg khqfh iru s E0 dqg RE 0 lq whupv ri  E51
Rxu dojrulwkp iru hvwlpdwlqj ) dqg L surfhhgv dffruglqj wr wkh iroorzlqj vwhsv=
41 Iluvw rewdlq ew +e| ruglqdu| ohdvw vtxduhv/ iru h{dpsoh, dqg ghqh wkh dvvrfldwhg ROV uhvlgxdov
ie|j?|' dqg wkh vwdqgdugl}hg uhvlgxdov ie0|j?|'/ zkhuh e0| ' eP3*2e|/ eP ' eS3eP/ eP ' E? 
& 63S?|' e|eA| / dqg eS ' d_i| ePo*6 Wkhq frpsxwh wkh xqlyduldwh wudqviruphg vhtxhqfh
ie5|j?|'/ zkhuh e5| '  Ee| zlwk e| ' e0A| e0|
;
51 Ghqrwlqj e| g?E d nhuqho zlwk edqgzlgwk ?/ irup wkh iroorzlqj hvwlpdwhv ri wkh ghqvlw| rie5| dqg lwv uvw ghulydwlyh=
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
61 Lqwurgxfh wkh iroorzlqj wulpplqj frqglwlrqv= E e|Ee5|  _?( E me5|m  e?( E mbEe5|m  K?(
E m4*2Ee5|e |Ee5|m  S?e|Ee5|c zkhuh 4E5 '  Ea3 E5 ^uhfdoo wkdw  ' 3E5` dqg bE5 '




rEe| n  Ee|e|
e|
Ee5|l u E E @** L*_
f L|ihtic
zkhuh rE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71 Wkhq ghqh wkh vfruh dqg lqirupdwlrq hvwlpdwruv iru wkh prgho dv
e{?Eew ' B? ?[
|'




Zlwk wkhvh ghqlwlrqv/ zh fdq frpsxwh wkh dgdswlyh hvwlpdwru hw jlyhq lq +7, deryh1 Wkh lpsruwdqw
srlqw wr qrwlfh derxw wklv hvwlpdwru lv wkdw lw hpsor|v d gluhfw nhuqho hvwlpdwh ri wkh ghqvlw| ri wkh
?@o@|e surfhvv i5|j lq rughu wr duulyh dw vfruh dqg lqirupdwlrq hvwlpdwhv ri wkh 6,|@o@|e
surfhvv i|j1
Zh qrz vwdwh wkh pdlq uhvxow ri wkh sdshu/ zklfk lv suryhg lq wkh Dsshqgl{=
Wkhruhp 4 Vxssrvh wkdw lR lv qlwh dqg srvlwlyh ghqlwh/ wkdw
U"
f
6*2rE2}E_ 	 4/ wkdw wkh
Ohehvjxh ghqvlw| RE lv devroxwho| frqwlqxrxv zlwk uhvshfw wr Ohehvjxh phdvxuh/ wkdw wkh uhjuhvvruv
9Wkhvh wulpplqj frqglwlrqv hqvxuh frqvlvwhqf| ri rxu vfruh hvwlpdwru zkhq d Jdxvvldq nhuqho lv ehlqj xvhg/ l1h1/
zkhq Nkq lv d Jdxvvldq nhuqho1 Iru rwkhu nhuqhov riwhq hpsor|hg lq wkh olwhudwxuh ^h1j1/ Vfklfn*v +4<;:, orjlvwlf nhuqho
dqg wkh el0txduwlf nhuqho`/ wkh qhfhvvdu| wulpplqj frqglwlrqv/ li wkh| glhuhg dw doo iurp wkhvh/ zrxog eh ohvv vwulqjhqw/
vr wkdw wkhvh frqglwlrqv zloo vwloo eh vx!flhqw iru frqvlvwhqf| exw pd| qrw eh qhfhvvdu|1 Vlpxodwlrq zrun uhsruwhg e|
Kvlhk dqg Pdqvnl +4<;:, dqg Krgjvrq +4<<;d, qgv wkdw/ iru d Jdxvvldq nhuqho/ wkh dgdswlyh srlqw hvwlpdwh lv qrw
yhu| vhqvlwlyh wr yduldwlrq lq wkh ydoxh ri wkh wulpplqj sdudphwhuv/ dqg wkdw jrrg uhvxowv duh rewdlqhg lq sudfwlfh
zkhq zh wulp dv olwwoh dv 4( ri wkh revhuydwlrqv1
<
%| duh vwulfwo| h{rjhqrxv/ dqg wkdw wkh frqvwdqwv lq +l,0+ly, vdwlvi| S? $ 4/ e? $ 4/ K? $ 4/
? $ f/ _? $ f/ ?S? $ f/ e?3? ' JE?/ dqg K?3? ' JE?1 Wkhq/
B3? E
hw  w,EfcL3c +9,
l1h1/ wkh hvwlpdwru hw lv dgdswlyh1
Uhpdunv1 +d, Wkh prphqw frqglwlrq
U"
f
6*2rE2}E_ 	 4 lv srwhqwldoo| uhvwulfwlyh> lwv
lpsolfdwlrqv iru wkh prphqwv ri  zloo ghshqg rq wkh wudqvirupdwlrq  E1 Iru h{dpsoh/ zkhq wkh





o 	4Krzhyhu/ zkhq l ' 6*2c wkhuh lv qr uhvwulfwlrq rq wkh prphqwv ri 1
+e, Qrwh wkdw wkh lqirupdwlrq pdwul{ hvwlpdwru eL?Eew ghqhg lq +8, lv d frqvlvwhqw hvwlpdwru ri
wkh dv|pswrwlf fryduldqfh pdwul{/ vr wkdw eL?EewL ' JRE Wklv uhvxow lv wuxh hyhq iru frlqwhjudwhg
prghov/ lq zklfk fdvh L lv udqgrp1 Zh fdq wkhuhiruh xvh eL?Eew lq wkh frqvwuxfwlrq ri |0udwlrv dqg
Zdog vwdwlvwlfv zklfk zloo kdyh uhvshfwlyh vwdqgdug qrupdo dqg fkl0vtxduhg dv|pswrwlf glvwulexwlrqv1
Ohw w dqg hw eh wkh | hohphqwv ri wkh w dqg hw yhfwruv/ uhvshfwlyho|1 Qrz vxssrvh zh zlvk wr whvw
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duh wkh | hohphqwv dorqj wkh gldjrqdov ri B3? dqgeL3? Eew/ uhvshfwlyho|1 Li zh zdqw wr whvw wkh mrlqw k|srwkhvlv w ' o iru wkh hqwluh yhfwru w/ zkhuh o lv
qrz d nqrzq E6n &yhfwru ri frqvwdqwv/ zh fdq frpsxwh wkh Zdog vwdwlvwlfk
B3? E
hw  ol eL?Eew kB3? Ehw  ol ', 26n&
Qrwh wkdw wkhvh frqyhujhqfh uhvxowv zloo krog uhjdugohvv ri zkhwkhu wkh prgho lv vwdwlrqdu| ru frlq0
whjudwhg1
+f, Lw lv qdwxudo wr dvn krz wkh suhvhqw hvwlpdwru zloo ehkdyh li wkh wklfn wdlov lq wkh xqfrqgl0
wlrqdo ghqvlw| ri wkh huuruv duh lqgxfhg e| vrph vruw ri frqglwlrqdo ghshqghqfh/ vxfk dv d pxowlyduldwh
JDUFKprgho1 D uhodwhg txhvwlrq kdv ehhq dgguhvvhg lq Krgjvrq +5333, zlwklq wkh frqwh{w ri dgds0
wlyho| hvwlpdwlqj xqlyduldwh wlph vhulhv uhjuhvvlrq prghov/ dqg wkh iroorzlqj frqmhfwxuhv duh edvhg rq
Krgjvrq*v +5333, qglqjv1 Lw vkrxog eh srvvleoh wr h{whqg wkhvh qglqjv wr rewdlq d xvhixo urexvwqhvv
uhvxow iru rxu hvwlpdwru lq wkh fdvh zkhuh wkh huuru surfhvv i|j lv xqfruuhodwhg exw qrw qhfhvvdulo|
43
lqghshqghqw ryhu wlph/ dqg kdv dq xqfrqglwlrqdo ghqvlw| zklfk lv hoolswlfdoo| v|pphwulf1 Wklv zrxog
kdsshq/ iru h{dpsoh/ li wkh huuruv iroorzhg d pxowlyduldwh JDUFK surfhvv/ kdg d frqglwlrqdo ghqvlw|
zklfk zdv hoolswlfdoo| v|pphwulf/ dqg kdg d frqglwlrqdo fryduldqfh pdwul{ zkrvh pdjqlwxgh fkdqjhg
ryhu wlph exw zkrvh fryduldqfh vwuxfwxuh uhpdlqhg xqfkdqjhg1 Lq dq| hyhqw/ li wkh xqfrqglwlrqdo
ghqvlw| lv hoolswlfdoo| v|pphwulf/ wkhq wkh qrqsdudphwulf vfruh dqg lqirupdwlrq hvwlpdwruv e) dqgel ghvfulehg deryh dqg xvhg lq rxu frpsxwdwlrq ri wkh dgdswlyh hvwlpdwru vkrxog vwloo frqvlvwhqwo|
hvwlpdwh wkh vfruh dqg lqirupdwlrq ri wkh xqfrqglwlrqdo ghqvlw| ri wkh huuruv1 Rxu rqh0vwhs hvwlpdwru
zloo wkhq kdyh wkh vdph dv|pswrwlf glvwulexwlrq dv wkh rqh0vwhs lwhudwlyh svhxgr0POH edvhg rq wkh
wuxh xqfrqglwlrqdo ghqvlw| ri wkh huuruv1 Zkhq wkh uhjuhvvruv duh vwulfwo| h{rjhqrxv/ dv zh kdyh
dvvxphg deryh/ wkhq wkh uhvxowlqj hvwlpdwru zloo kdyh dq dv|pswrwlf glvwulexwlrq zklfk lv lghqwlfdo
wr wkdw zklfk lw zrxog kdyh li wkh l1l1g1 dvvxpswlrq rq wkh huuruv zdv fruuhfw1 Lq rwkhu zrugv/
wkh glvwulexwlrq ghshqgv rqo| rq wkh xqfrqglwlrqdo ghqvlw| ri wkh huuruv dqg lv frpsohwho| lqyduldqw
wr wkh suhvhqfh ri frqglwlrqdo khwhurvnhgdvwlflw|1 Ixuwkhupruh/ wkh vwdqgdug huuru hvwlpdwhv dqg
whvw vwdwlvwlfv ghvfulehg lq wkh suhfhglqj uhpdun zloo eh urexvw wr wkh suhvhqfh ri frqglwlrqdo khw0
hurvnhgdvwlflw|1 Zkhq wkh vwulfw h{rjhqhlw| dvvxpswlrq rq wkh uhjuhvvruv lv uhod{hg/ wklv urexvwqhvv
surshuw| qr orqjhu krogv1 Lw lv vwloo wuxh wkdw rxu rqh0vwhs vhplsdudphwulf hvwlpdwru zloo kdyh wkh
vdph glvwulexwlrq dv wkh rqh0vwhs ixoo| sdudphwulf hvwlpdwru edvhg rq wkh wuxh xqfrqglwlrqdo ghqvlw|/
exw lw zloo qrz eh wkh fdvh wkdw wkh odwwhu hvwlpdwru*v dv|pswrwlf fryduldqfh pdwul{ zloo kdyh wkh
vdqgzlfk vwuxfwxuh fkdudfwhulvwlf ri svhxgr0POH*v lq plvvshflhg prghov +f1i1 Zklwh +4<;5,,1 Wr
frqvwuxfw urexvw vwdqgdug huuruv lq wklv fdvh/ zh zrxog uhtxluh d frqvlvwhqw qrqsdudphwulf hvwlpdwru
ri wkh Khvvldq ri wkh lqqrydwlrq ghqvlw|/ vlqfh erwk wkh Khvvldq dqg RSJ yhuvlrqv ri wkh lqirupdwlrq
zloo hqwhu wkh dv|pswrwlf fryduldqfh pdwul{1 Wkh ghulydwlrq ri vxfk d frqvlvwhqw Khvvldq hvwlpdwru
kdv qrw |hw ehhq frqvlghuhg lq wkh olwhudwxuh dqg lv d wrslf iru ixwxuh uhvhdufk1
7 Lpsohphqwdwlrq Lvvxhv
Lq wklv vhfwlrq/ zh glvfxvv vrph lvvxhv wkdw dulvh lq wkh lpsohphqwdwlrq ri rxu hvwlpdwru1 Lq vxevhfwlrq
4 zh glvfxvv d cghjuhhv ri iuhhgrp* fruuhfwlrq wr rxu hvwlpdwru ri wkh lqirupdwlrq pdwul{> wklv lpsuryhv
wkh vwdqgdug huuruv frqvlghudeo|1 Vxevhfwlrq 5 ghvfulehv Vfkxvwhu*v +4<;8, fruuhfwlrq/ d prglfdwlrq
ri rxu edvlf hvwlpdwru zklfk lv xqghuwdnhq wr fruuhfw iru wkh srru surshuwlhv ri wkh qrqsdudphwulf
ghqvlw| hvwlpdwru lq wkh qhljkerxukrrg ri wkh ruljlq zklfk lv gxh wr wkh idfw wkdw zh gr qrw gluhfwo|
hvwlpdwh wkh ghqvlw| ri wkh lqqrydwlrqv | exw udwkhu hvwlpdwh wkh ghqvlw| ri d wudqvirupdwlrq 5|
zkrvh vxssruw lv rqo| rq wkh srvlwlyh sruwlrq ri wkh uhdo olqh +vhh Vwxwh dqg Zhuqhu +4<<4,/ iru d
glvfxvvlrq ri wklv sureohp/ nqrzq dv wkh yrofdqr hhfw,1 Lq vxevhfwlrq 6/ zh glvfxvv wkh lvvxh ri
edqgzlgwk vhohfwlrq/ dqg lq vxevhfwlrq 7 zh glvfxvv wkh lvvxh ri wudqvirupdwlrq fkrlfh1 Odvwo|/ lq
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vxevhfwlrq 8 zh glvfxvv lvvxhv dulvlqj lq wkh lpsohphqwdwlrq ri d whvw iru hoolswlfdo v|pphwu| gxh wr
Ehudq +4<:<,1
714 Ghjuhhv ri Iuhhgrp Fruuhfwlrq
Rxu hvwlpdwru ri wkh lqirupdwlrq pdwul{/ dowkrxjk frqvlvwhqw/ kdv d qlwh vdpsoh xszdugv eldv wkdw
wkhuhiruh eldvhv grzqzdugv rxu vwdqgdug huuru hvwlpdwhv1 Zh sursrvh d vlpsoh ghjuhhv ri iuhhgrp
fruuhfwlrq wkdw jhqhudol}hv wkh xvxdo fruuhfwlrq pdgh wr sdudphwulf vwdqgdug huuruv1 Iru h{dpsoh/
zh ghqhg wkh hvwlpdwru eP ' E?&63S?|' e|eA| lqvwhdg ri eP ' ?3S?|' e|eA| iroorzlqj wklv
sudfwlfh1 Zulwh e | 'Sr /?|r dqg e| 'Sr /?|r iru vrph zhljkwv /?|r dqg /?|r lpsolflwo| ghqhg lq
rxu hvwlpdwlrq dojrulwkp1 Zh uhsodfh Ee |2*Ee|2 lq +9, e|
Ee |2 SrE/?|r2









2 frqvlvwhqwo| hvwlpdwh wkh ghjuhhv ri iuhhgrp eldv
whupv/ vhh Olqwrq +4<<8, iru d glvfxvvlrq ri wklv lvvxh lq vhplsdudphwulf hvwlpdwlrq1
715 Vfkxvwhu*v fruuhfwlrq
Wkh frqvwuxfwlrq ri e) lpsrvlqj hoolswlfdo v|pphwu| xvhv rqh glphqvlrqdo nhuqho hvwlpdwhv ri wkh
wudqviruphg yduldeoh 51 Iru wkh qr wudqviruphg vshflfdwlrq zkhuh 5 ' 0A 0c wkh vxssruw zloo kdyh wkh
uhvwulfwlrq 5  f Wklv dgglwlrqdo lqirupdwlrq lv qrw lqfrusrudwhg lq wkh vwdqgdug Sdu}hq0Urvhqeodww
nhuqho hvwlpdwru/ s?E5 ' ?33?
S?
'gEE55*?c zklfk jhqhudwhv d grzqzdug eldv lq wkh ghqvlw|
hvwlpdwh dw wklv erxqgdu|1 Iru prvw vwdqgdug fkrlfhv ri v|pphwulf nhuqho/ wkh ghqvlw| hvwlpdwru s?E5
w|slfdoo| shuirupv srruo| rq wkh uljkw qhljkerxukrrg ri }hur1 Wklv eldv dulvh ehfdxvh iru srlqwv % lq
wkh uljkw qhljkerxukrrg ri f/ wkh frqwulexwlrq ri % jlyhq e| ?
33? gEE%%*?wr s?E% h{whqgv wr
srlqwv %  f zkhuh sE% ' f D vlplodu eldv dulvh lq wkh pxowlyduldwh ghqvlw| hvwlpdwhv zklfk lpsrvhv
wkh hoolswlfdo v|pphwu| uhvwulfwlrq1 Wklv eldv fuhdwhv d yrofdqr olnh frqwrxu lq wkh ghqvlw| hvwlpdwh1
Wkh ryhu rz lq zhljkwv eh|rqg wkh orzhu vxssruw ri f fdq eh fruuhfwhg e| xvlqj dq hvwlpdwru zklfk
lqfrusrudwhv wklv dgglwlrqdo vxssruw frqvwudlqw lqirupdwlrq lqwr s?E%1
Vfkxvwhu +4<;8, rhuv d fruuhfwlrq wkdw lqfrusrudwhv wklv ryhu rz wr wkh uhjlrq 5 	 S/ iru qlwh S/
edfn lqwr wkh uhjlrq 5  S e| dgglqj d pluuru lpdjh whup ?33? gEE52Sn5*? wr ?33? gEE5





















Wkh vprrwklqj sdudphwhu xvhg lq wkh nhuqho hvwlpdwlrq lv fkrvhq e| uxoh0ri wkxpe +URW, phwkrgv
jhqhudol}lqj wkh vwdqgdug dssurdfk iru ghqvlw| hvwlpdwlrq vxjjhvwhg lq Vloyhupdq +4<;9,1 Lq wkh
uvw fdvh zh fkrrvh edqgzlgwk wr plqlpl}h d zhljkwhg phdq lqwhjudwhg vtxduh huuru +PLVH, ri
wkh nhuqho hvwlpdwh ri  E5 c wkh ghqvlw| ri wkh wudqviruphg udqgrp yduldeoh 5 '  E0A 0c dvvxplqj
wkdw wkh xqghuo|lqj ghqvlw| lv qrupdo1: Ri frxuvh/ wkh wuxh ghqvlw| lv xqnqrzq/ exw wkh URW
surylghv dq hdv|0wr0frpsxwh ehqfkpdun1 Wkh URW edqgzlgwk zloo ghshqg rq wkh wudqvirupdwlrq
xvhg1 Zh fdofxodwh wkh rswlpdo edqgzlgwk JR| dffruglqj wr wkh PLVH irupxod iru wkh ghqvlw| 
ri wkh wudqviruphg yduldeoh 5 Zh dvvxphg wkdw 0  Efc U6 dqg fdofxodwhg wkh lpsolhg ghqvlw|
ixqfwlrq  Zh xvh wkh Jdxvvldq nhuqho gE ' E2Z3*2 i TE2*2 Wkh vfrulqj htxdwlrq xvhg lq
rxu surfhgxuh uhtxluhv wkdw zh hvwlpdwh wkh udwlr  * ri wkh wudqviruphg yduldeoh 51 Wkh nhuqho
hvwlpdwh ri wkh ghulydwlyh ri wkh ghqvlw| e  lq wkh qxphudwru zloo kdyh d frqyhujhqfh udwh zklfk lv
vorzhu frpsduhg wr wkdw ri wkh ghqvlw| hvwlpdwh e lq wkh ghqrplqdwru1 Wklv vorzhu frqyhujhqfh udwh lv
olnho| wr grplqdwh lq wkh hvwlpdwh ri wklv udwlr1 Wkh vhfrqg dssurdfk lq sdudphwhul}lqj JR| lqyroyhv
fdofxodwlqj wkh vprrwklqj sdudphwhu wkdw plqlpl}hv wkh zhljkwhg phdq lqwhjudwhg vtxduhg huuru ri
wkh nhuqho hvwlpdwh ri wkh ghulydwlyh ri wkh ghqvlw|  E51 Wklv dowhuqdwlyh fulwhulrq lv dssursuldwh
jlyhq wkdw wkh vorzhu udwh ri frqyhujhqfh lq wkh ghulydwlyh hvwlpdwh lv olnho| wr grplqdwh wkdw ri wkh
ghqvlw| hvwlpdwh1
717 Fkrlfh ri Wudqvirupdwlrq
Wkh wudqvirupdwlrq fkrlfh +5 '  E, lv dqrwkhu lqsxw wkdw phulwv glvfxvvlrq1 Wkhuh lv d jurzlqj
olwhudwxuh lq vwdwlvwlfv rq xvlqj wudqvirupdwlrqv wr hvwlpdwh xqlyduldwh ghqvlwlhv/ vhh iru h{dpsoh
Zdqg/ Pduurq/ dqg Uxsshuw +4<<4,1 Wkh vlwxdwlrq khuh lv voljkwo| glhuhqw ehfdxvh rxu ruljlqdo
gdwd duh kljk glphqvlrqdo dqg wkh remhfw ri xowlpdwh lqwhuhvw lv wkh sdudphwhu hvwlpdwhv/ dqg vr zh
kdyh qrw iroorzhg suhflvho| wkhlu uhflshv1 Zh kdyh h{shulphqwhg zlwk pdq| glhuhqw wudqvirupdwlrqv
dqg kdyh irxqg wkdw wkh lqwhudfwlrq ehwzhhq rxu edqgzlgwk fkrlfh phwkrg dqg wkh wudqvirupdwlrq
lv txlwh fuxfldo1 Uhfdoo wkdw rxu wudqvirupdwlrq wdnhv wkh irup 5 ' El*l zlwk wkh sureohp ehlqj
wr fkrrvh l1
Dq reylrxv fkrlfh zrxog eh wr vhw l ' / lq zklfk fdvh wkh wudqvirupdwlrq lv sursruwlrqdo wr wkh
lghqwlw|1 Deryh/ zh phqwlrq wkh vhwwlqj l ' 6*2 dv d srvvleoh fkrlfh1 Wr vhh wkh sureohp wkdw vxfk
vhwwlqjv pd| fdxvh/ frqvlghu wkh h{dpsoh zkhuh wkh huuruv duh lqghshqghqw vwdqgdug qrupdov1 Wkhq
wkh glvwulexwlrq ri wkh yduldeoh 5 lv wkdw ri wkh 26/ d glvwulexwlrq wkdw fkdqjhv/ dqg/ lq sduwlfxodu/ wkdw
ehfrphv pruh zlgho| glvshuvhg/ dv wkh glphqvlrq ri wkh v|vwhp E6 lqfuhdvhv1 Dv wkh glphqvlrq/ dqg
:Zh kdyh xvhg fkl0vtxduhg ghqvlw| wr gr wkh zhljkwlqj1
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wkhuhiruh wkh glvshuvlrq/ lqfuhdvhv/ wkh URW edqgzlgwk lqfuhdvhv1 Wkhuhiruh/ wkh eldv ri rxu ghqvlw|
hvwlpdwh lqfuhdvhv/ dqg grhv vr txlwh gudpdwlfdoo|1 Wkh sureohp ehfrphv hyhq pruh vhyhuh zkhq
zh fkrrvh l wr eh lqfuhdvlqj lq 61 Wr frxqwhudfw wklv hhfw/ zh vxjjhvw fkrrvlqj d wudqvirupdwlrq
|lhoglqj d udqgrp yduldeoh 5 zkrvh glvshuvlrq lv qrw lqfuhdvlqj udslgo| lq 61 Rqh wudqvirupdwlrq
wkdw kdv vxfk d surshuw| dqg wkdw ehkdyhv zhoo lq Prqwh Fduor vlpxodwlrqv lv wkh orjdulwkplf +l ' f
Wkhuh duh pdq| rwkhu srvvleoh wudqvirupdwlrqv wkdw zloo dfklhyh d vlplodu hhfw1 Zh kdyh duelwudulo|
fkrvhq d qxpehu ri vxfk wudqvirupdwlrqv dqg kdyh duulyhg dw wkh sduwlfxodu wudqvirupdwlrq fkrlfh
xvhg lq rxu hpslulfdo dqdo|vlv e| uxqqlqj vrph Prqwh Fduor vlpxodwlrqv ryhu wkh udqjh ri glphqvlrqv
xvhg lq rxu hpslulfdo dqdo|vlv dqg fkrrvlqj wkh wudqvirupdwlrq wkdw zrunhg ehvw1 Rxu fkrlfh wxuqhg
rxw wr eh l ' *26/ zklfk surylghv jrrg uhvxowv lq d Prqwh Fduor h{huflvh dfurvv glhuhqw glphqvlrqv1
Qrwh wkdw dv wkh glphqvlrq lqfuhdvhv zlwk wkh olplw E6$4 zh dssurdfk wkh orj wudqvirupdwlrq1
718 Whvw iru hoolswlfdo v|pphwu|
Lq wklv vhfwlrq zh ghvfuleh d whvw iru hoolswlfdo v|pphwu| ghyhorshg e| Ehudq +4<:<, dqg glvfxvv
lwv lpsohphqwdwlrq1 Vxssrvh zh kdyh d vhulhv ri vwdqgdugl}hg uhjuhvvlrq uhvlgxdov e0| ' eP3*2e| iru
| ' c    c ?c zkhuh e| duh ROV uhvlgxdov dqg eP lv d frqvlvwhqw hvwlpdwru ri P1 Wkhvh uhvlgxdov zloo
eh xvhg lq wkh frqvwuxfwlrq ri d whvw ri wkh qxoo k|srwkhvlv wkdw wkh wuxh xqghuo|lqj lqqrydwlrqv
i0|j duh l1l1g1 gudzv iurp d vskhulfdoo| v|pphwulf ghqvlw|1 Wkh whvw xwlol}hv d frxsoh ri glvwlqfwlyh
ihdwxuhv ri vskhulfdoo| v|pphwulf udqgrp yduldeohv1 Wkh uvw lv wkdw wkh vwdqgdugl}hg udqgrp yduldeoh
0| %n0|n lv xqlirupo| glvwulexwhg rq wkh 6 0glphqvlrqdo xqlw k|shuvskhuh1 Wkh vhfrqg lv wkdw wklv
vwdqgdugl}hg udqgrp yhfwru/ zklfk zh uhihu wr dv wkh gluhfwlrq ri 0|/ lv lqghshqghqw ri wkh yhfwru*v
ohqjwk/ yl}1 n0|n 
Zh qrz ghvfuleh wkh frqvwuxfwlrq ri wkh whvw/ surylgh vrph lqwxlwlrq dv wr krz lw lqfrusrudwhv wkh
diruhphqwlrqhg fkdudfwhulvwlfv/ dqg wkhq vwdwh wkh whvw*v dv|pswrwlf glvwulexwlrq xqghu wkh qxoo1 Zh
ehjlq e| udqnlqj wkh glvwdqfhv ine0|nj?|' dqg glylglqj wkhvh udqnv e| ?n1 Ohw i-|j?|' ghqrwh wkhvh
udqnv1 Qrwh wkdw wkh gluhfwlrqdo yhfwru 0* n0n fdq eh uhsuhvhqwhg lq whupv ri lwv srodu frruglqdwhv
s '
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Ghqh wkh frruglqdwhv ri e0|* ne0|n e| s| Ohw i@& G &  j eh wkh idplo| ri ixqfwlrqv ruwkrqrupdo
zlwk uhvshfw wr wkh Ohehvjxh phdvxuh rq dfc o dqg ruwkrjrqdo wr wkh frqvwdqw ixqfwlrq rq dfc o 
Ixuwkhupruh/ ohw iK G   j ghqrwh dqrwkhu idplo| ri ruwkrqrupdo ixqfwlrqv zlwk uhvshfw wr wkh
xqlirup phdvxuh rq dfc ZoR32  dfc 2Z dqg ruwkrjrqdo wr wkh frqvwdqw ixqfwlrq rq wklv grpdlq ^zh













@& E-| K Es|
&2

Li wkh lqqrydwlrqv i0|j kdyh d vskhulfdoo| v|pphwulf glvwulexwlrq/ wkhq 7? vkrxog eh forvh wr }hur>
rwkhuzlvh/ lw vkrxog eh idu iurp }hur1 Xvlqj wkh idfw wkdw/ xqghu wkh qxoo/ -| dqg s| erwk kdyh
xqlirup glvwulexwlrqv/ lw iroorzv iurp rxu dvvxpswlrqv rq i@&j dqg iKj wkdw . d@&o ' . dKo ' f iru
doo &c 1 Wkh lqghshqghqfh ri -| dqg s| xqghu wkh qxoo ixuwkhupruh lpsolhv wkdw . d@& E-| K Es|o ' f
iru doo &c 1 Wkh iroorzlqj sursrvlwlrq jlyhv wkh dv|pswrwlf glvwulexwlrq ri 7?1































Wkhq/ wkh qxoo olplwlqj glvwulexwlrq ri E2u?g?
3 
2 d7?  u?g?o dv ?$4 lv  Efc 
Wklv whvw ri Ehudq +4<:<, lv edvhg rq Irxulhu vhulhv h{sdqvlrq ghqvlw| hvwlpdwruv1 Frqvlghulqj
wkh idfw wkdw rxu hvwlpdwlrq urxwlqh hpsor|v nhuqho0edvhg ghqvlw| hvwlpdwlrq/ lw zrxog vhhp qdwxudo
wr hpsor| d nhuqho0edvhg whvw iru hoolswlfdo v|pphwu|1 Zh duh qrw lpphgldwho| dzduh ri wkh h{lvwhqfh
ri vxfk d whvw/ dowkrxjk lw zrxog suhvxpdeo| eh ihdvleoh wr ghyhors rqh/ shukdsv hpsor|lqj uhvxowv
rq nhuqho0edvhg jrrgqhvv0ri0w whvwv iru ghqvlw| ixqfwlrqv dv ghyhorshg e| Idq +4<<7,1
8 Hpslulfdo FDSP Whvwv
814 Edfnjurxqg
Pdq| hfrqrphwulf whvwv ri wkh FDSP zhuh sxeolvkhg vkruwo| diwhu wkh ghyhorsphqw ri wkh wkhru| dqg
kdyh frqvlvwhqwo| irxqg wkhlu zd| lqwr wkh qdqfh olwhudwxuh hyhu vlqfh1; Hduo| hpslulfdo zrun vhhphg
wr vxssruw wkh FDSP/ vhh Eodfn/ Mhqvhq/ dqg Vfkrohv +4<:5, dqg Idpd dqg PdfEhwk +4<:6,1 Wkh
;Vhh Fdpsehoo/ Or/ dqg PdfNlqod| +4<<:, iru d pruh frpsuhkhqvlyh glvfxvvlrq ri hpslulfdo whvwv ri wkh FDSP1
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sulpdu| phwkrgrorj| xvhg lq wkhvh hduo| zrunv zdv wr shuirup furvv0vhfwlrqdo uhjuhvvlrqv ri phdq
uhwxuqv rq hvwlpdwhg ehwdv +zklfk zhuh hvwlpdwhg iurp vrph suholplqdu| wlph vhulhv uhjuhvvlrqv,
dqg rwkhu sxwdwlyh yduldeohv dqg wkxv wr whvw wkh olqhdulw| uhvwulfwlrq ri wkh wkhru|1 Wkh pdlq
hfrqrphwulf sureohp zlwk wklv dssurdfk lv wkh huuruv lq yduldeohv sureohp wkdw dulvhv iurp wkh uvw
vwdjh uhjuhvvlrqv> rqh dssurdfk wr wklv zdv wr jurxs vwrfnv wrjhwkhu lqwr sruwirolrv wkhuhe| uhgxflqj
wkh hvwlpdwlrq huuru1 E| jurxslqj dffruglqj wr vrph idfwru wkdw pljkw dovr dhfw uhwxuqv/ olnh vl}h/
rqh fdq lpsuryh wkh srzhu ri wkh whvw1 Prvw prghuq whvwv ri wkh FDSP dssolfdwlrqv kdyh ehhq
edvhg rq wkh pxowlyduldwh uhjuhvvlrq prgho/ vhh iru h{dpsoh Jleerqv +4<;5, dqg Vwdpedxjk +4<;5,1
Zh jurxs rxu gdwd lqwr d qxpehu ri sruwirolrv +6, dffruglqj wr vl}h1 Vxssrvh wkdw
oc| ' k n qoc| n c|c +;,
zkhuh oc| uhsuhvhqwv wkh dfwxdo h{fhvv uhwxuq iru sruwirolr  lq shulrg |/ dqg oc| lv wkh h{fhvv uhwxuq
rq vrph csur{|* pdunhw sruwirolr1 Zh hvwlpdwh wklv prgho iru wkh 6 sruwirolrv ryhu d vdpsoh shulrg
ri | ' c    c A Uhzulwlqj +;, lq yhfwru irup zh rewdlq=
o| ' kn qoc| n | +<,
zkhuh o|c kc c dqg | duh doo 6  yhfwruv1 Li wkhuh lv vrph frpprq vrxufh ri uhwxuq iru wkh vwrfnv
zlwklq d jlyhq sruwirolr wkdw lv qrw gxh wr pdunhw ulvn h{srvxuh/ wkhq wkdw vrxufh ri uhwxuq zloo eh
irxqg lq wkh lqwhufhsw Ek1 Li wkh FDSP krogv/ wkhq k ' f/ exw wkh h{lvwhqfh ri dgglwlrqdo uhwxuqv
lpsolhv k 9' f1 Wkh iroorzlqj qxoo k|srwkhvlv rq wkh sdudphwhuv ri +<,
Mf G k ' f  ' c    c6c +43,
lpsolhv wkdw qr vljqlfdqw h{fhvv uhwxuqv duh suhvhqw lq wkh vhw ri sruwirolr uhwxuqv wkdw fdqqrw eh
h{sodlqhg e| yduldwlrq lq wkh pdunhw sruwirolr uhwxuq1 Zh whvw wklv k|srwkhvlv e| frqvwuxfwlqj d
vwdqgdug Zdog whvw
a ' k df@hEko3 kc
zkhuh k lv rxu hvwlpdwh ri kc dqg f@hEk lv dq hvwlpdwh ri wkh dv|pswrwlf fryduldqfh pdwul{ yduldqfh
ri k Li wklv vwdwlvwlf ghyldwhv vljqlfdqwo| iurp }hur/ zh frqfoxgh wkdw wkh FDSP grhv qrw ixoo|
h{sodlq wkh yduldwlrqv lq uhwxuqv1<
Zkloh hduo| hpslulfdo zrun idlohg wr uhmhfw wkh qxoo k|srwkhvlv/ vxevhtxhqw zrun ehjdq wr txhvwlrq
lwv ydolglw|1 Iru h{dpsoh/ Edvx +4<::, irxqg d uhodwlrqvkls ehwzhhq sulfh0hduqlqjv udwlrv dqg vwrfn
uhwxuqv/ zkloh Edq} +4<;4, irxqg yduldwlrq lq vwrfn uhwxuqv gxh wr pdunhw vl}h wkdw frxog qrw eh
h{sodlqhg e| pdunhw yduldwlrq1 Pruh uhfhqwo|/ Idpd dqg Iuhqfk +4<<5/ 4<<6, irxqg d uhodwlrqvkls
<Vhh PdfNlqod| +4<;:, dqg Jleerqv/ Urvv/ dqg Vkdqnhq +4<;<, iru d glvfxvvlrq ri FDSP whvwv dorqj wkhvh olqhv1
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ehwzhhq d up*v errn ydoxh wr pdunhw ydoxh udwlr dqg vwrfn uhwxuqv dv zhoo dv frquphg wkh Edq}
+4<;4, vl}h dqrpdo|1
Prvw hpslulfdo whvwlqj ri wkh FDSP lv edvhg rq xvlqj prqwko| uhwxuqv zkloh dssolfdwlrqv ri wkh
FDSP duh irxqg xvlqj pdq| glhuhqw krul}rqv143 Iru h{dpsoh/ hyhqw vwxglhv pdnh h{whqvlyh xvh
ri wkh FDSP1 Lq prvw hyhqw vwxglhv gdlo| gdwd lv xvhg gxh wr wkh lpsruwdqfh ri slqsrlqwlqj wkh
h{dfw wlplqj ri vrph vshflf lqirupdwlrq duulydo wr wkh pdunhw1 Lq wkhvh vwxglhv w|slfdoo| d pdunhw
prgho ri wkh FDSP lv hvwlpdwhg xvlqj gdlo| gdwd dqg wkhq xvlqj hvwlpdwhg sdudphwhuv ri wkh prgho
deqrupdo uhwxuqv duh frqvwuxfwhg dqg xvhg lq wkh hyhqw vwxg|1 Krzhyhu/ dv vwdwhg hduolhu/ lw lv
jhqhudoo| eholhyhg wkdw whvwv ri wkh FDSP duh ehvw grqh xvlqj prqwko| uhwxuqv1 Lq wkh fdvh ri gdlo|
gdwd/ lw lv riwhq dujxhg wkdw gdlo| gdwd duh frqwdplqdwhg zlwk wkh suhvhqfh ri pdunhw plfurvwuxfwxuh
hhfwv vxfk dv qrqv|qfkurqrxv wudglqj zklfk pd| eldv wkh lqihuhqfhv ri wkh k|srwkhvlv whvwlqj1 Dq
dowhuqdwlyh h{sodqdwlrq iru wklv frqfhqwudwlrq rq prqwko| uhwxuqv pd| frph iurp wkh revhuydwlrq
wkdw h{fhvv nxuwrvlv lv vxevwdqwldoo| juhdwhu lq gdlo| dqg zhhno| uhwxuqv uhodwlyh wr prqwko| uhwxuqv1
Frqvhtxhqwo|/ wkh srzhu ri Jdxvvldq whfkqltxhv zloo eh pxfk juhdwhu rq prqwko| uhwxuq gdwd vhwv
uhodwlyh wr gdlo| uhwxuqv1 Rxu lqwhuhvw lv wr dvvhv wkh ydolglw| ri wkh FDSP rq d gdwd vhw ri gdlo|
uhwxuqv1 Zh qg wkdw rxu phwkrgv surylgh vx!flhqw srzhu wr uhmhfw wkh prgho rq rxu gdwd vhw zkloh
Jdxvvldq phwkrgv idlo wr uhmhfw1
815 Hoolswlfdoo| V|pphwulf Uhwxuqv= Dgdswlyh Hvwlpdwlrq dqg Whvwv
Rxu hvwlpdwru lq wkh suhylrxv vhfwlrq pdgh wkh dvvxpswlrq wkdw wkh uhvlgxdov iroorzhg dq hoolswlfdoo|
v|pphwulf glvwulexwlrq1 Krzhyhu/ wr rewdlq wkh phdq yduldqfh uhvxowv glvfxvvhg hduolhu uhwxuqv/ qrw
uhvlgxdov/ duh dvvxphg wr iroorz hoolswlfdoo| v|pphwulf glvwulexwlrqv1 Dvvxplqj hoolswlfdoo| v|pphwulf
uhwxuqv kdv lpsolfdwlrqv wkdw vxevwdqwldoo| glhuhqwldwh wklv dvvxpswlrq iurp dvvxplqj wklfn0wdlohg
uhvlgxdo glvwulexwlrqv1 Iruhprvw/ wklv dvvxpswlrq lpsolhv wkdw frqglwlrqdo khwhurvnhgdvwlflw| pd|













Wkhq wkh frqglwlrqdo yduldqfh ri o| rq oc| lv dv iroorzv=
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zkhuh & Eoc| lv vrph ixqfwlrq ri wkh txdgudwlf Eoc|  > T 3 Eoc|  >  dqg lv wlph ydu|lqj
iru glvwulexwlrqv zlwklq wkh hoolswlfdoo| v|pphwulf idplo| rwkhu wkdq qrupdolw|1 Wkh suhvhqfh ri
43Rqh ri wkh sureohpv ri wkh wudglwlrqdo FDSP lv wkdw qr gluhfwlrq lv jlyhq dv wr krul}rq zlwk zklfk wkh uhodwlrq
vkrxog krog1 Vhh Yrunlqn +4<<<, iru d wuhdwphqw ri rxu hvwlpdwlrq surfhgxuh rq d gdwd vhw ri prqwko| uhwxuqv1
4:
frqglwlrqdo khwhurvnhgdvwlflw| lpsolhv wkdw vrph sureohpv h{lvw zlwk ROV hvwlpdwlrq phwkrgv dv
zhoo dv rxu sursrvhg phwkrg1 Lq wkh fdvh ri ROV/ lw zloo fdxvh wkh vwdqgdug huuruv ri wkh ROV
hvwlpdwhv wr eh eldvhg/ dv zdv vkrzq lq Ydq Suddj dqg Zhvvohpdq +4<;<,1 Lq wkh fdvh ri rxu
hvwlpdwru/ wkh dgdswlyh surshuwlhv ri rxu hvwlpdwru zloo euhdn grzq uhvxowlqj iurp wkh srvvleoh kljk
rughu ghshqghqfh ri wkh | rq oc| Wkh dexqgdqw hylghqfh vxssruwlqj wkh suhvhqfh ri frqglwlrqdo
khwhurvnhgdvwlflw| lq vwrfn uhwxuqv pdnhv wklv lvvxh hyhq pruh uhohydqw1 Zh glvfxvv vrph uhphglhv
ehorz1
Iluvw/ d sdudphwulf prgho ri wkh frqglwlrqdo khwhurvnhgdvwlflw| fdq eh lqwurgxfhg lqwr wkh prgho
dqg hvwlpdwlrq surfhgxuh1 Wkh sdudphwhu yhfwru Ew fdq eh h{sdqghg wr lqfoxgh wkh frqglwlrqdo khw0
hurvnhgdvwlflw| prgho dqg hvwlpdwlrq fdq surfhhg dv lq wkh suhylrxv vhfwlrq1 Krzhyhu/ lq wkh frqwh{w
ri uhjuhvvlrq prghov zkhuh vhfrqg prphqwv dsshdu lq wkh phdq htxdwlrq yld cq* wkh glvwulexwlrq
wkhru| ri wkh hvwlpdwru lv pxfk pruh gl!fxow1 Krgjvrq dqg Yrunlqn +5333, ghyhors dq hvwlpdwru
dqg wkhru| iru hvwlpdwlrq lq wklv vhwwlqj1
D vhfrqg vroxwlrq zrxog eh wr xvh d surfhgxuh dv sursrvhg e| Zklwh +4<;3, dqg fruuhfw iru wkh
frqglwlrqdo khwhurvnhgdvwlflw| lq wkh suholplqdu| hvwlpdwlrq vwhs1 Wklv vkrxog sxujh dq| kljk rughu
ghshqghqfh ehwzhhq oc| dqg | doorzlqj wkh hvwlpdwlrq wkhru| dv glvfxvvhg lq wkh suhylrxv vhfwlrq
wr eh ydolg1 D prgho iru wkh frqglwlrqdo khwhurvnhgdvwlflw| lv uhtxluhg dw wkh suholplqdu| hvwlpdwlrq
vwdjh1 Xqghu wkh dvvxpswlrq ri hoolswlfdo v|pphwu| wklv frqglwlrqdo khwhurvnhgdvwlflw| vkrxog wdnh
wkh irup
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+44,
zklfk zh qrwh lv d ixqfwlrq ri wkh pdunhw uhwxuq yld wkh ixqfwlrq & Eoc|1 Ehfdxvh wkh ixqfwlrqdo
irup ri & Eoc| lv qrw nqrzq zh vxjjhvw qrqsdudphwulfdoo| hvwlpdwlqj wkh frqglwlrqdo yduldqfh ri
o|1 Wr hvwlpdwh wklv ixqfwlrq zh wdnh wkh vtxduhv ri wkh uhvlgxdov iurp wkh suholplqdu| uhjuhvvlrq













zkhuh gE lv d nhuqho zhljkwlqj ixqfwlrq dv ghqhg suhylrxvo| dqg ? lv wkh edqgzlgwk1 Diwhu 	jc|
duh rewdlqhg zh frqvwuxfwhg wkh yduldeohv oc| '
o|
	jc|
dqg wkhq surfhhghg wr hvwlpdwh wkh jlyhq uhwxuq





1 Zh dovr shuiruphg whvwv ri pxowlyduldwh qrupdolw| rq wkh vhulhv
ri oc| dqg irxqg wkdw nxuwrvlv ohyhov zhuh lqfrqvlvwhqw zlwk dvvxpswlrqv ri qrupdolw| lpso|lqj wkdw
nxuwrvlv lq uhwxuqv lv jhqhudwhg e| d frpelqdwlrq ri wlph0ydu|lqj vhfrqg prphqwv dqg wklfn0wdlohg
wlph lqyduldqw glvwulexwlrqv1
Dv dq dowhuqdwlyh zhljkwlqj vfkhph zh fkrvh wr hvwlpdwh d JDUFK prgho ri frqglwlrqdo yduldqfh
iru wkh sruwirolr uhwxuqv1 Wkhvh prghov duh txlwh suhydohqw dqg kdyh ehhq irxqg wr eh sduvlprqlrxv
4;
prghov wkdw fdswxuh prvw ihdwxuhv ri wkh frqglwlrqdo yduldqfhv lq vwrfn uhwxuqv1 Zh dovr surylgh
uhvxowv zkhuh uhwxuqv duh zhljkwhg e| wkh hvwlpdwhg frqglwlrqdo yduldqfhv ri d Jdxvvldq JDUFK+4/4,
dv iroorzv=





Odvwo|/ iru wkh fdvh ri wkh ROV hvwlpdwhv/ rqh dssurdfk wr fruuhfw iru wkh eldv suhvhqw lq wkh
vwdqgdug huuruv lv wr xvh lqirupdwlrq iurp wkh xqfrqglwlrqdo glvwulexwlrq wr fruuhfw iru wkh frqglwlrqdo
khwhurvnhgdvwlflw|1 Dv zdv qrwhg hduolhu/ li vhfrqgprphqwv duh doorzhg wr ydu| wkhq wkh xqfrqglwlrqdo
glvwulexwlrq zloo eh wklfn0wdlohg1 Wkh ghjuhh ri nxuwrvlv lq wkh xqfrqglwlrqdo glvwulexwlrq fdq eh xvhg
wr dgmxvw yduldqfhv dv ghvfulehg lq ]krx +4<<6,1 Kh sursrvhg d fruuhfwlrq iru wkh grfxphqwhg
vshflfdwlrq sureohpv ri vwdqgdug dvvhw sulflqj whvwv wkdw iroorz iurp wkh uhjuhvvlrq hvwlpdwlrq
iudphzrun1 Kh vkrzv wkdw d vlpsoh pxowlsolfdwlyh fruuhfwlrq wr wkh a vwdwlvwlf zloo jhqhudol}h wkdw
whvw vwdwlvwlf wr wkh dvvxpswlrq ri hoolswlfdoo| v|pphwulf uhwxuq glvwulexwlrqv1 Wkh fruuhfwlrq lv d
iroorzv=
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dqg V% lv Pdugld*v +4<:3, pxowlyduldwh phdvxuh ri nxuwrvlv1 Xqghu pxowlyduldwh qrupdolw| v ' f/
dqg aW ' a 1 Krzhyhu/ zkhq h{fhvv nxuwrvlv h{lvwv v : / dqg aW 	 a lpso|lqj wkdw fruuhfwlqj iru
hoolswlfdo v|pphwu| zloo ohdg wr ihzhu uhmhfwlrqv ri d sulflqj prgho wkdq dvvxplqj qrupdolw|1
816 Uhvxowv
Rxu gdwd vhw frqvlvwv ri uhwxuqv wdnhq iurp wkh FUVS gdwd vhw ri vwrfn uhwxuqv dqg lqfoxghv gdlo|
revhuydwlrqv iurp Mdqxdu| 4<<9 wkurxjk Ghfhpehu 4<<:1 Zh frqvwuxfw wkuhh sruwirolrv e| vruwlqj
upv dffruglqj wr vl}h +pdunhw ydoxh,/ dqg whvw wkh FDSP rq wklv vhw ri sruwirolrv144 Rq hdfk
wudglqj gd| upv duh sodfhg lqwr txduwlohv dffruglqj wr wkh Q\VH up vl}h txduwlohv1 Gdlo| ydoxh0
zhljkwhg uhwxuqv duh wkhq frqvwuxfwhg iru wkh upv lq hdfk ri wkh uvw wkuhh txduwlohv145 Wkh uhwxuqv
rq wkhvh wkuhh sruwirolrv duh wkhq xvhg wr whvw wkh FDSP lq wkh iudphzrun glvfxvvhg deryh1 Dv
phqwlrqhg/ wkhuh lv vwurqj hylghqfh wkdw uhwxuqv duh uhodwhg wr vl}h zklfk fdqqrw eh h{sodlqhg e|
wkh FDSP1 Krzhyhu/ zh qg wkdw Jdxvvldq phwkrgv gr qrw kdyh wkh srzhu wr uhmhfw wkh FDSP
rq wkhvh vl}h vruwhg sruwirolrv/ zkhuhdv lq rwkhu vwxglhv xvlqj prqwko| uhwxuqv uhmhfwlrqv gr rffxu1
44Ilupv wkdw duh wudghg rq wkh Q\VH/ QDVGDT dqg DPH[ duh lqfoxghg lq wklv gdwd vhw1
45Zh h{foxgh wkh odujhvw txduwloh iurp rxu h{huflvh ehfdxvh ri lwv vlplodulw| wr rxu phdvxuh ri wkh pdunhw sruwirolr
uhwxuq1
4<
Wklv surylghv dq lqwhuhvwlqj hqylurqphqw iru dsso|lqj rxu dgdswlyh hvwlpdwlrq phwkrg/ vlqfh lw lv
srvvleoh wkdw wkh dvvrfldwhg h!flhqf| jdlqv pd| ohdg wr d uhmhfwlrq ri wkh FDSP rq wklv gdwd vhw1
Wdeohv L dqg LL surylgh wkh vxppdu| vwdwlvwlfv iru wkh ulvn0iuhh udwh +63 gd| W0eloo udwh, osc|/ wkh
dqqxdol}hg uhwxuq rq wkh FUVS ydoxh0zhljkwhg pdunhw sruwirolr oc|/ dqg dqqxdol}hg sruwirolr h{fhvv
uhwxuqv o|osc|Pxowlyduldwh qrupdolw| lv uhmhfwhg xvlqj hlwkhu wkh xqlyduldwh nxuwrvlv hvwlpdwhv ru wkh
Mdutxh0Ehud whvwv shuiruphg rq wkh lqglylgxdo vhulhv uhsruwhg lq Wdeoh L1 Wkh pxowlyduldwh phdvxuhv
ri nxuwrvlv dovr uhmhfw qrupdolw| dv vhhq lq Sdqho D ri Wdeoh LL1 Krzhyhu/ dq dssolfdwlrq ri Ehudq*v
+4<:<, whvw ri hoolswlfdo v|pphwu| idlov wr uhmhfw wkh k|srwkhvlv wkdw wkh h{fhvv uhwxuqv duh glvwulexwhg
hoolswlfdoo| v|pphwulf dw wkh 43( ohyho dv vhhq lq Sdqho E ri Wdeoh LL1
Zh dovr lqfoxgh vwdwlvwlfv iru rxu wzr vhwv ri zhljkwhg uhwxuqv uhfdoolqj wkdw wkhvh h{fhvv uhwxuqv
wkdw kdyh ehhq vfdohg e| hvwlpdwhg frqglwlrqdo vwdqgdug ghyldwlrqv1 K|srwkhvlv whvwv ri qrupdolw|
duh uhmhfwhg rq hlwkhu vhw ri uhwxuqv dowkrxjk wkh uhwxuqv zhljkwhg e| wkh qrqsdudphwulf hvwlpdwh
ri wkh frqglwlrqdo vwdqgdug ghyldwlrq kdyh vpdoohu hvwlpdwhv ri nxuwrvlv1 Lq idfw/ iru wkh vl}h 6
sruwirolr wkh Mdutxh0Ehud whvw ri qrupdolw| idlov wr uhmhfw wkh k|srwkhvlv rq wklv lqglylgxdo sruwirolr*v
uhwxuq1 Krzhyhu/ zkhq zh orrn dw wkh pxowlyduldwh whvwv qrupdolw| lv vwurqjo| uhmhfwhg zkloh hoolswlfdo
v|pphwu| lv qrw uhmhfwhg1 Iru wkh JDUFK zhljkwhg uhwxuqv wkh pxowlyduldwh whvwv lq Wdeoh LL dovr
ohdg wr d uhmhfwlrq ri qrupdolw| dqg d idloxuh wr uhmhfw hoolswlfdo v|pphwu|1 Wkhvh uhvxowv lpso|
wkdw wkh qrqqrupdolwlhv lq wkh xqfrqglwlrqdo glvwulexwlrqv duh qrw frpsohwho| gulyhq e| wlph0ydu|lqj
vhfrqg prphqwv dqg shukdsv wkdw rxu qrqsdudphwulf prgho grhv wkh ehwwhu mre ri fdswxulqj wkh
frqglwlrqdo khwhurvnhgdvwlflw|1 Krzhyhu/ hyhq diwhu fruuhfwlqj iru frqglwlrqdo khwhurvnhgdvwlflw|/ lw
zrxog dsshdu wkdw h!flhqf| jdlqv duh srvvleoh ryhu Jdxvvldq hvwlpdwlrq146
Wdeoh LLL uhsruwv wkh uhvxowv ri hvwlpdwlqj +<, xvlqj erwk ROV dqg wkh dgdswlyh phwkrgv xvlqj
wkh xqzhljkwhg uhwxuqv1 Wkh ROV hvwlpdwhv duh frqvlvwhqw zlwk wkh hpslulfdo olwhudwxuh lq wkdw
wkh hvwlpdwhv ri q duh srvlwlyh dqg wkh hvwlpdwhv ri k duh forvh wr }hur uhodwlyh wr wkhlu vwdqgdug
huuruv1 Sdqhov E dqg F uhsruw wkh uhvxowv ri wkh dgdswlyh hvwlpdwlrqv1 Uhfdoo/ zh xvh wkh Er{0
Fr{ wudqvirupdwlrq zlwk l ' *26 lq frqvwuxfwlrq ri wkh dgdswlyh hvwlpdwhv/ dqg xvh vhsdudwh
rswlpdo PLVH edqgzlgwk sdudphwhuv iru hvwlpdwlqj  E5 dqg   E51 Sdqho E ri Wdeoh LLL surylghv
uhvxowv ri wkh dgdswlyh hvwlpdwhv zkhuh wkh Jdxvvldq nhuqho zlwk Vfkxvwhu*v fruuhfwlrq lv xvhg dqg
Sdqho F ri Wdeoh LLL surylghv wkh uhvxowv ri wkh dgdswlyh hvwlpdwhv zkhuh wkh Jdxvvldq nhuqho lv
xvhg zlwkrxw Vfkxvwhu*v fruuhfwlrq1 Lq jhqhudo/ zh qg wkdw wkh srlqw hvwlpdwhv ri k Eq xvlqj wkh
dgdswlyh hvwlpdwru duh juhdwhu +ohvvhu, wkdq wkhlu ROV frxqwhusduwv1 Vrph ri wkh glhuhqfhv lq wkh
srlqw hvwlpdwhv duh vxevwdqwldo1 Iru h{dpsoh/ wkh dgdswlyh phwkrg hvwlpdwhv wkdw wkh xqh{sodlqhg
uhwxuq lq wkh vl}h 4 sruwirolr uhwxuqv zloo eh dw ohdvw 45( zkloh wkh ROV hvwlpdwhv duh derxw 8(1
Hfrqrplfdoo|/ wklv glhuhqfh ri :( dqqxdo uhwxuq lv txlwh odujh1 Wkhvh glhuhqfhv pd| eh gulyhq e|
46Eroohuvohy +4<;:, dqg Qhovrq +4<<4, dovr qg vljqlfdqw qrqqrupdolwlhv lq JDUFK vwdqgdugl}hg glvwulexwlrqv1
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rxwolhuv wkdw lq xhqfh wkh ROV srlqw hvwlpdwhv vxevwdqwldoo|/ exw duh grzqzhljkwhg lq wkh dgdswlyh
surfhgxuh1
Wkh dgdswlyh hvwlpdwhv xvlqj hlwkhu ri wkh wzr nhuqhov duh qhduo| lghqwlfdo1 Wkh Jdxvvldq nhuqho
zlwk Vfkxvwhu*v fruuhfwlrq ohdgv wr voljkwo| odujhu vwdqgdug huuruv exw wkh glhuhqfhv jhqhudoo| gr
qrw vkrz xs xqwlo wkh wklug gljlw1 Jlyhq wkh olwwoh glhuhqfh ehwzhhq wkh uhvxowv xvlqj Vfkxvwhu*v
fruuhfwlrq dqg wkrvh wkdw glg qrw zh frqfoxgh wkdw wkh yrofdqr hhfw kdv olwwoh lq xhqfh lq rxu
h{dpsoh1 Wkh glhuhqfh lq vwdqgdug huuruv ehwzhhq wkh dgdswlyh surfhgxuhv dqg wkh Jdxvvldq
phwkrgv lv vxevwdqwldo1 Wkh uhgxfwlrq lv 48( rq dyhudjh iru wkh dgdswlyh hvwlpdwhv1 Wklv uhgxfwlrq
vxssruwv wkh surshuwlhv ri rxu hvwlpdwru jlyhq wkh qrqqrupdolwlhv ri wkh gdwd1 Wkhvh h!flhqf| jdlqv
duh dovr vxssruwhg e| wkh vlpxodwlrq vwxg| uhsruwhg ehorz1
Wdeohv LY dqg Y uhsruw wkh uhvxowv ri hvwlpdwlqj +<, xvlqj erwk ROV dqg wkh dgdswlyh phwk0
rgv xvlqj wkh qrqsdudphwulf frqglwlrqdo vwdqgdug ghyldwlrq zhljkwhg uhwxuqv dqg wkh JDUFK+4/4,
zhljkwhg uhwxuqv uhvshfwlyho|1 Zhljkwlqj wkh uhwxuqv lpsolhv wkdw wkh hvwlpdwhg sdudphwhuv gr qrw
kdyh wkh vdph lqwhusuhwdwlrq dv lq wkh fdvh ri wkh xqzhljkwhg uhwxuqv1 Krzhyhu/ zh gr qg vlplodu
sdwwhuqv wr wkrvh lq wkh xqzhljkwhg uhwxuq hvwlpdwlrqv1 Lq jhqhudo/ wkh hvwlpdwhv ri k duh odujhu
xvlqj wkh dgdswlyh hvwlpdwlrq surfhgxuh uhodwlyh wr ROV1 Zh dovr qg wkdw hvwlpdwhv ri q duh orzhu
xvlqj wkh dgdswlyh phwkrg uhodwlyh wr ROV1 Zlwk wkh odujhu lqwhufhswv dqg vpdoohu q hvwlpdwhv/
wkh dgdswlyh phwkrg vhhpv wr lpso| wkdw ROV dwwulexwhv wrr odujh d sruwlrq ri wkh sruwirolr uhwxuq
wr pdunhw ulvn h{srvxuh dqg wkdw d pruh fruuhfw prgho zrxog uhgxfh wkh pdunhw h{srvxuh Eq dqg
lqfuhdvh wkh xqh{sodlqhg uhwxuq Ek  Zkloh wklv uhvxow lv qrw frqvlvwhqw lq doo ri rxu whvwhg fdvhv lw
grhv ghvfuleh wkh jhqhudo glhuhqfh ehwzhhq wkh wzr phwkrgv1
Djdlq/ vwdqgdug huuruv duh vpdoohu xvlqj wkh dgdswlyh phwkrg zlwk wkh uhgxfwlrq ehlqj 44( rq
dyhudjh1 Qrqqrupdolwlhv lq wkh frqglwlrqdo uhwxuq glvwulexwlrqv/ dv hylghqfhg lq Wdeohv L dqg LL/ doorz
wkh dgdswlyh surfhgxuh wr lpsuryh wkh h!flhqf| ri hvwlpdwhv uhodwlyh wr wkh Jdxvvldq surfhgxuh1
Ri sulpdu| lqwhuhvw lv whvwlqj wr vhh li wkh FDSP lv frqvlvwhqw zlwk rxu sruwirolr ri uhwxuqv1
Zh olvw Zdog whvw vwdwlvwlfv zklfk whvw wkh ydolglw| ri wkh FDSP lq Wdeoh YL1 Iru wkh xqzhljkwhg
uhwxuqv zh qg wkdw qrqh ri wkh hvwlpdwlrq phwkrgv ohdg wr d uhmhfwlrq ri wkh FDSP dw wkh 43(
ohyho1 Krzhyhu/ wkh vwdwlvwlf frqvwuxfwhg xvlqj hlwkhu ri wkh dgdswlyh hvwlpdwruv qhduo| uhmhfwv wkh
prgho dv wkh s0ydoxh dvvrfldwhg zlwk wkh whvw vwdwlvwlf lv voljkwo| deryh wkh 3143 ohyho1 Wkhvh duh
vxevwdqwldoo| orzhu wkdq wkh s0ydoxh dvvrfldwhg zlwk wkh ROV vwdwlvwlf ri 31;<1 Wkh olvwhg Zdog whvw
iru wkh ROV hvwlpdwhv lqfoxghv wkh fruuhfwlrq iru frqglwlrqdo khwhurvnhgdvwlflw| dv sursrvhg e| ]krx
+4<<6,1 Lq frqfoxvlrq/ wkh dgdswlyh hvwlpdwru ohdgv wr d frqfoxvlrq wkdw lv pruh frqvlvwhqw zlwk wkh
olwhudwxuh uhjduglqj wkh vl}h +pdunhw ydoxh, hhfw rq uhwxuqv ri juhdwhu krul}rqv1 Jdxvvldq phwkrgv/
zkloh deoh wr uhmhfw wkh prgho xvlqj prqwko| gdwd/ idlo wr kdyh vx!flhqw srzhu wr uhmhfw wkh prgho
lq rxu gdlo| gdwd vhw1 Zh qg wkdw iru wkh zhljkwhg uhwxuqv wkhvh glhuhqfhv ehfrph hyhq odujhu1
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Wdeoh YL dovr uhsruwv phdq0yduldqfh h!flhqf| whvwv iru wkh wzr vhwv ri zhljkwhg uhwxuqv1 Iru
erwk vhwv ri zhljkwhg uhwxuqv ROV fdqqrw uhmhfw wkh FDSP zkloh wkh dgdswlyh phwkrgv vwurqjo|
uhmhfw wkh prgho zlwk s0ydoxhv ohvv wkdq 1341
Rxu lqyhvwljdwlrq lqwr wkh ydolglw| ri wkh FDSP rq d vwrfn uhwxuqv zlwk gdlo| krul}rqv ohg xv
wr vrph lqwhuhvwlqj frqfoxvlrqv1 Iluvw/ zh qg wkdw rxu phwkrg doorzv d uhmhfwlrq ri wkh FDSP
rq rxu gdwd vhw zkloh Jdxvvldq phwkrgv idlo wr uhmhfw wkh prgho1 Rqh pd| frqfoxgh wkdw hlwkhu
dgglwlrqdo ulvnv duh suhvhqw lq wkh gdlo| gdwd ru wkdw d glvhtxloleulxpprgho pd| ehvw ghvfuleh uhwxuqv1
Uhjdugohvv/ wkh FDSP lv qrw frqvlvwhqw zlwk vwrfn uhwxuqv hyhq dw gdlo| krul}rqv1 Jrlqj edfn wr
rxu h{dpsoh ri hyhqw vwxglhv/ wkhvh uhvxowv surylgh lpshwxv iru wkh xvh ri vrph dowhuqdwlyh prgho
lq wkh frqvwuxfwlrq ri deqrupdo uhwxuqv1 Vrph kdyh suhylrxvo| dujxhg xvlqj pxowl0idfwru prghov
lq frqqhfwlrq zlwk hyhqw vwxg| |hw wkhlu dujxphqwv zhuh vrphzkdw orrvho| prwlydwhg e| wkh uhvxowv
lq wkh prqwko| uhwxuq olwhudwxuh1 Rxu uhvxowv ohqg vxssruw wr wklv qrwlrq/ wkdw ulvn lq dgglwlrq wr
pdunhw ulvn duh suhvhqw lq vwrfn uhwxuqv hyhq dw vkruw krul}rqv/ sduwlfxoduo| dv uhodwhg wr wkh pdunhw
vl}h ri d up1 Frqvlvwhqw zlwk wkh prqwko| olwhudwxuh/ zh qg d vpdoo up hhfw/ ru wkdw upv zlwk
vpdoo pdunhw fdslwdol}dwlrqv hduq h{fhvv uhwxuqv uhodwlyh wr wkh FDSP suhglfwlrqv1 Rxu phwkrg
phdvxuhv wkhvh h{fhvv uhwxuqv wr eh vxevwdqwldoo| kljkhu wkdq Jdxvvldq hvwlpdwhv/ zlwk wkh glhuhqfh
dv odujh dv :( dqqxdoo| iru upv lq wkh vpdoohvw txduwloh1
Vhfrqgo|/ zh qg wkdw Jdxvvldq whfkqltxhv whqg wr hvwlpdwh h{srvxuh wr v|vwhpdwlf ulvn Eq
iru d jlyhq sruwirolr wr eh kljkhu wkdq wkh hvwlpdwhv xvlqj wkh dgdswlyh phwkrg1 Wklv uhvxow zdv
vwulnlqjo| frqvlvwhqw dfurvv rxu gdwd vhwv ri xqzhljkwhg uhwxuqv dqg uhwxuqv zhljkwhg e| hvwlpdwhv ri
wkh frqglwlrqdo vwdqgdug ghyldwlrq1
9 Vlpxodwlrq Dqdo|vlv
Zh dovr shuirup d Prqwh Fduor h{huflvh wr lqyhvwljdwh wkh hpslulfdo surshuwlhv ri wkh hvwlpdwru lq d
frqwuroohg hqylurqphqw1 Gdylgvrq dqg PdfNlqqrq +4<<7, surylgh d cfrrnerrn* judsklfdo phwkrg ri
frpsdulqj vlpxodwlrq uhvxowv wkurxjk frpsdulvrq ri s0ydoxh sorwv dqg srzhu0vl}h sorwv1 Wklv phwkrg
lv dq dowhuqdwlyh wr uhsruwlqj uhvxowv lq vwdqgdug wdeoh irupdw/ zklfk surylgh rqo| d ihz srlqwv rq wkh
glvwulexwlrq ixqfwlrq dqg fdq eh pruh gl!fxow wr lqwhusuhw1 Wklv phwkrg dovr pruh hdvlo| lqglfdwhv
krz vdpsoh vl}h/ ghjuhhv ri iuhhgrp dqg rwkhu idfwruv dhfw wkh shuirupdqfh ri d jlyhq whvw vwdwlvwlf1
Lq dgglwlrq wr wkh judskv/ zh dovr surylgh d ihz wdeohv zlwk vrph nh| vlpxodwlrq uhvxowv1
Wr rewdlq wkh judskv zh frqgxfw d Prqwh Fduor h{shulphqw lq zklfk d odujh qxpehu ri uhdol}dwlrqv
ri jlyhq whvw vwdwlvwlfv a duh jhqhudwhg xvlqj gdwd xqghu wkh qxoo/ dqg dovr gdwd xqghu vrph vshflhg
dowhuqdwlyh glvwulexwlrq1 Zh frqvwuxfw a iurp hvwlpdwlrqv xvlqj rxu dgdswlyh hvwlpdwru dqg iurp
hvwlpdwlrqv xvlqj ROV1 Zh odeho wkhvh vwdwlvwlfv a dqg au7 uhvshfwlyho|1 Zh glvfxvv wkh vshflfv ri
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wkh frpsdulvrq ehorz dqg uhihu wkh uhdghu wr Gdylgvrq dqg PdfNlqqrq +4<<7, iru d pruh frpsohwh
glvfxvvlrq1
Vwhs 4= Vlpxodwh gdwd1 Zh xvh wkh FDSPprgho wr vlpxodwh wkh gdwd iru wkh sruwirolr uhjuhvvlrqv1
Iru d jlyhq vlpxodwlrq wkh qxoo dqg dowhuqdwlyh gdwd vhwv duh frqvwuxfwhg lq wkh iroorzlqj pdqqhu1
Hdfk uhwxuq oc| lv frqvwuxfwhg e| wdnlqj wkh surgxfw ri wkh pdunhw uhwxuq oc| dqg wkh hvwlpdwhg
ehwd 	qc dqg dgglqj d udqgrpo| vhohfwhg uhvlgxdo iurp vrph suhvshflhg glvwulexwlrq/
oc| ' k n 	qoc| n Yc|
Zh fkrvh wkuhh uhvlgxdo glvwulexwlrqv iurp zklfk wr udqgrpo| gudz Yc|= |Ec d pl{hg qrupdo glv0
wulexwlrq/ dqg d qrupdo glvwulexwlrq1 Wkhvh zhuh fkrvhq wr ydu| wkh ghjuhh ri nxuwrvlv irxqg lq wkh
uhvlgxdov1 Wr frqvwuxfw huuruv iurp d pxowlyduldwh w glvwulexwlrq zh gudz 56 q  Efc U6/ zkhuh 5
lv dq 6   yhfwru dqg U? lv dq 6 6 lghqwlw| pdwul{1 Zh dovr gudz U q 2 lqghshqghqw ri 56





2 zklfk iroorzv d pxowlyduldwh w glvwulexwlrq zlwk ghjuhh ri iuhhgrp sdudphwhu
1 Wr frqvwuxfw huuruv iurp d pl{hg qrupdo glvwulexwlrq zh gudz L iurp d xqlirup glvwulexwlrq
ryhu dfco dqg djdlq 56 q  Efc U6 dv ghqhg suhylrxvo|1 Li L 	 E "/ wkhq ohw Y| ' sV561
Rwkhuzlvh/ zh ohw Y| '
s
V2561 Wkh uhvxowlqj Y| zloo iroorz d pl{hg qrupdo glvwulexwlrq1 Zh vhw
" ' Hc V ' fSD E c ru feD E2 dqg V2 ' S lq wkh vlpxodwlrqv147
Zh wkhq dgg k/ zkhuh k ' f xqghu wkh qxoo dqg gudz k ' fD wr jhqhudwh gdwd xqghu wkh
dowhuqdwlyh1 Wkh ydoxhv iru k zhuh fkrvhq e| qglqj dq dssur{lpdwh dyhudjh ri devroxwh lqwhufhswv
iurp wkh FDSP hvwlpdwlrqv1 Zh xvh wkh vdph uhvlgxdo lq frqvwuxfwlqj erwk wkh dowhuqdwlyh dqg qxoo
vhulhv ehfdxvh wklv phwkrg khosv wr lvrodwh wkh uhvxowv iurp udqgrpqhvv lqwurgxfhg e| wkh vlpxodwlrqv1
Vwhs 5= Iru erwk wkh qxoo dqg dowhuqdwlyh gdwd vhwv hvwlpdwh wkh deryh prgho dqg wkhq xvlqj wkh
hvwlpdwhv frqvwuxfw a dqg wkh s0ydoxh xqghu wkh qxoo glvwulexwlrq iru hdfk vwdwlvwlf1 Zh qrwh wkdw
rqo| wkh Jdxvvldq nhuqho zdv xvhg lq frqvwuxfwlqj wkh dgdswlyh hvwlpdwhv1 Zh dovr qrwh wkdw wkh
s0ydoxh iru wkh vwdwlvwlf frqvwuxfwhg xvlqj wkh dowhuqdwlyh gdwd vhw dovr xvhv wkh qxoo glvwulexwlrq wr
rewdlq wkh s0ydoxh1
Vwhs 6= Uhshdw Vwhsv 4 dqg 5 pdq| wlphv1 Zh fkrvh wr vlpxodwh wkh gdwd dqg vwdwlvwlfv 4/333
wlphv zklfk vkrxog surylgh uhdvrqdeoh dffxudf| lq wkh s0ydoxhv zh uhsruw1
Vwhs 7= Jlyhq wkh vlpxodwhg whvw vwdwlvwlfv dqg wkhlu dvvrfldwhg s0ydoxhv/ wkhq fdofxodwh wkh
hpslulfdo glvwulexwlrq ixqfwlrq ri wkh s0ydoxhv jhqhudwhg e| hdfk vwdwlvwlf1 Wklv lv rewdlqhg lq wkh
iroorzlqj pdqqhu1 Uhfdoo wkdw wkh s0ydoxh ri d vwdwlvwlf  lv wkh suredelolw| ri revhuylqj d ydoxh ri
wkh vwdwlvwlf pruh h{wuhph wkdq  Ohw 	8 E% uhsuhvhqw wkh hvwlpdwh ri wkh f1g1i1 ri wkh s0ydoxhv
jhqhudwhg e| d jlyhq vwdwlvwlf dw wkh srlqw % dqg ghqh RE wr eh wkh s0ydoxh dvvrfldwhg zlwk
47Zh dovr vfdoh wkh uhvlgxdo lqqrydwlrqv zlwk d idfwru wkdw dgmxvwv wkh vhfrqg prphqwv wr eh htxlydohqw wr wkh
vhfrqg prphqwv ri JOV uhvlgxdov ri rxu hpslulfdo h{huflvh1
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U ERE : %
zkhuh ` lv wkh qxpehu ri vlpxodwlrqv dqg U lv dq lqglfdwru ixqfwlrq wkdw lv htxdo wr rqh li wkh
dujxphqw lv wuxh dqg }hur rwkhuzlvh1 Wr jhqhudwh 	8 E% lw lv uhfrpphqghg wkdw d julg ri ydoxhv
o|lqj lq wkh lqwhuydo ehwzhhq 3 dqg 4 eh fkrvhq wr vdyh wlph dqg frpsxwhu vwrudjh vsdfh1 Zh fkrvh
wkh julg Ef wr eh wkh iroorzlqj= f ' ifffc fff2c fffc    c j dqg rewdlqhg wkh dvvrfldwhg 	8 Ef
iru doo vwdwlvwlfv xqghu erwk wkh qxoo dqg dowhuqdwlyh1
Rqfh wkh hpslulfdo glvwulexwlrqv ri hdfk vwdwlvwlf duh jhqhudwhg wkh| fdq eh judskhg wr frpsduh
wkh vl}h dqg srzhu surshuwlhv ri wkh vwdwlvwlfv1 Wr frpsduh vl}h surshuwlhv wkh iroorzlqj judsk/
hqwlwohg d s0ydoxh sorw/ lv uhfrpphqghg1 Wkh sorw lv frqvwuxfwhg e| judsklqj ri f yhuvxv 	8 Ef iru
hdfk ri wkh vwdwlvwlfv1 D whvw zlwk dssursuldwh vl}h zrxog iroorz wkh 78 vlqfh wklv lv wkh fgi ri dq|
s0ydoxh glvwulexwlrq1 Zkhq wkh judsk lv deryh +ehorz, wkh 78 olqh wkh dvvrfldwhg vwdwlvwlf lv ryhu
+xqghu, uhmhfwlqj wkh qxoo k|srwkhvlv1
Wr frpsduh wkh srzhu ri wzr jlyhq whvw vwdwlvwlfv/ Gdylgvrq dqg PdfNlqqrq +4<<7, uhfrpphqg
wkh judsk hqwlwohg srzhu0vl}h sorw1 Wkh srzhu0vl}h sorwv judsk 	8 @ Ef djdlqvw 	8
? Ef zkhuh wkhvh
vwdqg iru wkh hpslulfdo glvwulexwlrqv ri wkh s0ydoxhv iurp d whvw vwdwlvwlf xqghu wkh dowhuqdwlyh dqg
qxoo uhvshfwlyho|1 Zkhq wklv olqh lv sorwwhg iru d frpshwlqj vwdwlvwlfv dq| ghyldqw vl}h surshuwlhv
duh uhpryhg e| judsklqj 	8? Ef rq wkh { 0d{lv1 Ehfdxvh wkh dfwxdo vl}h lv xvhg dv wkh {0yduldeoh/
glhuhqfhv lq srzhu uhvxow fdqqrw eh dwwulexwhg wr glhuhqfhv lq vl}h ehwzhhq wzr frpshwlqj vwdwlvwlfv1
914 Vl}h Uhvxowv
Wkh vlpxodwlrqv lqglfdwh wkdw wkh whvwv frqvwuxfwhg zlwk rxu hvwlpdwru duh/ lq jhqhudo/ zhoo0vl}hg1
Krzhyhu/ wklv lv qrw wuxh lq doo fdvhv1 Zh olvw wkh uhvxowv ri rxu vlpxodwlrqv lq Wdeoh YLL dv zhoo
dv wkh S0ydoxh sorwv lq Iljxuhv 4/ 6/ dqg 81 Lq vrph fdvhv wkh phwkrg dsshduv wr eh xqghuvl}hg
+Qrupdolw|/ 6 ' e>2/ 6 ' e,1 Wkh wuhqg dsshduv wkdw dv wkh glphqvlrq lqfuhdvhv wkh vl}h ri wkh
dgdswlyh whvwv ghfolqhv1 Wklv frxog eh d sureohp ri rxu wudqvirupdwlrq fkrlfh dqg frxog srwhqwldoo|
eh fruuhfwhg e| qh wxqlqj rxu vhohfwlrq phwkrg1 Wkhvh sureohpv zlwk vl}h duh qrw h{wuhpho| odujh
dqg wkh surplvlqj uhvxowv zh irxqg lq rxu vlpxodwlrqv whvwlqj srzhu vhhp wr ryhuvkdgrz wkrvh khuh1
915 Srzhu Uhvxowv
Wkh vlpxodwlrqv whvwlqj srzhu lqglfdwh wkdw rxu hvwlpdwru lv slfnlqj xs h!flhqf| jdlqv zkhq nxuwrvlv
lv suhvhqw1 Rxu uhvxowv ri wkhvh vlpxodwlrqv duh irxqg lq Wdeoh YLLL dv zhoo dv Iljxuhv 5/ 7/ 9/ dqg
:1
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Iru doo wkh vlpxodwlrqv xvlqj ohswrnxuwrnlf glvwulexwlrqv/ zh qg wkdw wkh dgdswlyh surfhgxuh
ohdgv wr d uhmhfwlrq ri wkh dowhuqdwlyh pruh riwhq wkdq ROV zlwk wkh lqfuhdvh lq uhmhfwlrq dv juhdw
dv :<( lq rqh fdvh +c 6 ' e,1 Wkh srzhu dsshduv wr lqfuhdvh zlwk glphqvlrq +p, dv vhhq lq
wkh Iljxuhv 5/ 7/ dqg 91 Rqh srru uhvxow lv wkh vlpxodwlrqv xvlqj wkh qrupdo glvwulexwlrqv zkhuh
wkh srzhu ri wkh surfhgxuh lv vljqlfdqwo| orzhu wkdq ROV lqglfdwlqj d vwurqj ghshqghqfh ri rxu
surfhgxuh rq wkh suhvhqfh ri pxowlyduldwh nxuwrvlv1
Lq jhqhudo/ zh qg wkh vlpxodwlrq h{huflvh wr eh surplvlqj uhjduglqj wkh surshuwlhv ri rxu hvwlpd0
wru1 Zh gr vxjjhvw ixwxuh vlpxodwlrq zrun wkdw frxog khos wr qh wxqh wkh wudqvirupdwlrq vhohfwlrq
dv zhoo dv ixuwkhu whvwv ri kljkhu glphqvlrq dqg rwkhu qrqqrupdo glvwulexwlrqv1
D Dsshqgl{
D14 Ruwkrqrupdo Sro|qrpldov
Wkh ruwkrqrupdo sro|qrpldov xvhg iru rxu vhw ri ixqfwlrqv dulvh iurp vroxwlrqv wr zkdw lv fdoohg
Ohjhqguh*v glhuhqwldo htxdwlrqv ri wkh irup E %2+  2%+ n ?E?n+ ' f Wkh jhqhudo vroxwlrq







iru vrph % 5 dc o Wkhvh sro|qrpldov duh vxlwdeo| wudqviruphg wr hqvxuh ruwkrjrqdolw| lq wkh
dssursuldwh grpdlq vshflhg e| wkh whvw vwdwlvwlfv1
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zkhuh b '  iru wkh udqjh 1 5 dfc Zo dqg b ' 2 iru wkh udqjh w 5 dfc 2Zo
D15 Surri ri Wkhruhp 4
Wr suryh wkh dgdswlylw| ri hw zh pxvw hvwdeolvk wkh iroorzlqj wzr frqyhujhqfh uhvxowv=
e{?Eew{?Eew $ fc +D14,
dqg eLEew L $ fc +D15,
zkhuh {?Eew ' B?S?|' |)Ee|1 Zh fdq xvh dujxphqwv dqdorjrxv wr wkrvh ri Elfnho +4<;5,/ Olqwrq
+4<<6/ s1 899,/ ru Mhjdqdwkdq +4<<8, wr vkrz wkdw wkhvh uhvxowv zloo krog surylghg]
me)| E )Em2 RE_ $ f +D16,








Wkh surri ri htxlydohqfh pdnhv xvh ri wkh idfwv wkdw= RE ' 2E_i| P3*2}EAP3P3/ s E0 '
2}E0A 00 ' E_i|P*2REc dqg )E ' RE*RE ' REP*20*REP*20 ' P3*2s E0*sE0  h)E0
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Zh dovr qrwh khuh wkdw lR '
U
)E)EA RE_ '
U h)E0h)E0A E_i|P3*2s E0_0 Vlqfh zh duh qrw
lqwhuhvwhg lq xvlqj gluhfw qrqsdudphwulf hvwlpdwhv ri }E/ exw udwkhu ri E5/ zh pxvw vwdwh wkh
frqyhujhqfh uhvxow +D17, lq whupv ri /  / dqg wkhlu hvwlpdwhv1 Wr gr vr/ uvw qrwh wkdw lw lv hdvlo|
vkrzq wkdw wkh iroorzlqj uhodwlrqvkls h{lvwv ehwzhhq wkh vfruhv ri  dqg }=
}
}




Lw iroorzv wkdw zh fdq xvh rxu nhuqho hvwlpdwh ri wkh vfruh ri  wr qrqsdudphwulfdoo| hvwlpdwh ri
wkh vfruh ri } dv iroorzv=
e}|e}| E ' rE n  Ee

|e| i Ej c
vr wkdw e}|e}| E }

}
E '  E






Wkhvh fdofxodwlrqv doorz xv wr fkdudfwhul}h wkh uhvwulfwlrqv zh pxvw sodfh xsrq e |*e| lq rughu wr



































zkhuh kE '  E2a3 i Ej  Vlqfh 5 ' E dqg 4E5 ' kE3E5/ zh fdq uhzulwh wkh uljkw kdqg










Xvlqj wkh wulpphg nhuqho hvwlpdwru ri  * ghvfulehg lq Vhfwlrq 6 ri wkh pdlq wh{w/ zh kdyh qrz
hvwdeolvkhg wkdw rxu zkroh dujxphqw klqjhv rq vkrzlqj wkdw/ xqghu rxu vshflhg wulpplqj frqglwlrqv/
wkh lqwhjudo lq +D18, frqyhujhv wr }hur1 Zh vkrz ehorz wkdw wkh nh| dvvxpswlrq zh pxvw pdnh lv





Xqiruwxqdwho|/ wklv lqhtxdolw| lv vwdwhg lq whupv ri wkh wudqviruphg udqgrp yduldeoh 5 dqg lwv ghqvlw|
1 Zh zrxog olnh wr nqrz zkdw wklv lqhtxdolw| lpsolhv lq whupv ri sulplwlyh frqglwlrqv rq wkh ghqvlw|
5:
s +ru/ htxlydohqwo|/ },1 Vshflfdoo|/ dvvxplqj wkdw zh duh xvlqj d sduwlfxodu wudqvirupdwlrq  / zkdw
frqglwlrqv pxvw s +ru }, vdwlvi| lq rughu iru wklv lqhtxdolw| wr krogB Lw fdq eh vkrzq wkdw +D19, lv
lpsolhg e| wkh prphqw frqglwlrqv lq wkh vwdwhphqw ri wkh Wkhruhp1 Dv qrwhg lq wkh uhpdun wr wkh
Wkhruhp/ wkh frqglwlrq/ ] "
f
6*2rE2}E 	4c +D1:,
ghshqgv rq rxu vhohfwlrq ri d wudqvirupdwlrq  / vr wkdw fhuwdlq wudqvirupdwlrqv pd| uhtxluh xv wr
sodfh vwurqjhu prphqw frqglwlrqv rq rxu gdwd jhqhudwlqj surfhvv wkdq rwkhuv1
Wkhvh uhvxowv surylgh frqglwlrqv xqghu zklfk wkh vfruh ri wkh huuru ghqvlw| lq d pxowlyduldwh
prgho fdq eh frqvlvwhqwo| hvwlpdwhg1 Zh fdq wkhq xvh vwdqgdug phwkrgv +vhh Elfnho +4<;5,/ Nuhlvv
+4<;:,/ Olqwrq +4<<6,/ Mhjdqdwkdq +4<<7,/ hwf1, wr vkrz wkdw wkhvh huuru ghqvlw| vfruh hvwlpdwhv fdq
eh xvhg wr frqvlvwhqwo| hvwlpdwh wkh ryhudoo vfruh iru wkh prgho/ wkh lqirupdwlrq pdwul{ ri wkh huuru
ghqvlw|/ dqg wkh lqirupdwlrq pdwul{ ri wkh prgho1
Surri wkdw +D19, lv Lpsolhg e| Frqglwlrqv ri Wkhruhp1 Wkh dvvxpswlrq wkdw RE kdv 0
qlwh lqirupdwlrq lv htxlydohqw wr dvvxplqj wkdw s E0 kdv qlwh lqirupdwlrq/ l1h1/ wkdw
















Zh zrxog olnh wr h{suhvv wkh uljkw kdqg vlgh ri wklv htxdwlrq dv dq lqwhjudo lq d}
o2
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Wkdw wklv whup lv qlwh lv d gluhfw frqvhtxhqfh ri wkh dvvxpswlrqv ri wkh Wkhruhp/ frpsohwlqj wkh
surri1
Zh qrz vkrz wkdw/ xqghu rxu dvvxpswlrqv/ wkh wulpphg nhuqho hvwlpdwru lqwurgxfhg lq Vhfwlrq
7 vdwlvhv ] "
3"
4E5








Wklv zloo frpsohwh rxu surri ri wkh Wkhruhp1 Rxu surri ri +D1;, zloo iroorz wkh sdwwhuq ri Ohppd
714 ri Elfnho +4<;5,/ prgli|lqj lw zkhuh qhfhvvdu| dqg xvlqj glhuhqw frqglwlrqv zkhuh qhfhvvdu|/ wr
dffrxqw iru wkh glhuhqfh ehwzhhq wklv prgho dqg klv1








+5, i5 G mbE5m '4j kdv Ohehvjxh phdvxuh }hur/ zkhuh bE5 lv wkh dqwl0ghulydwlyh ri 4*2E5(





Uhpdun1 Zh kdyh vkrzq wkdw Frqglwlrq D+4, lv d frqvhtxhqfh ri wkh prphqw frqglwlrqv lq wkh
vwdwhphqw ri wkh Wkhruhp1 Frqglwlrqv D+5, dqg D+6, ghshqg rq wkh wudqvirupdwlrq  E dqg fdq
eh vkrzq wr eh dxwrpdwlfdoo| vdwlvhg iru doo Er{0Fr{ wudqvirupdwlrqv1
Rxu edvlf uhvxow lv wkh iroorzlqj










Surri1 Ohw E5 ' Eg  E5 dqg  E5 ' Eg   E5c zkhuh  ghqrwhv frqyroxwlrq/ l1h1/
E}  sE5 ' U }E%s E5  %_% Wkh sdwwhuq lv vlplodu wr wkdw ri Ohppd 914 lq Elfnho +4<;5,/ h{fhsw
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68 ' JE
Wkh vhfrqg hohphqw ri wklv vxp lv JE h{dfwo| dv lq Elfnho +4<;5,1 Iru wkh uvw hohphqw/ wklqjv duh









Vlqfh mbE5m  K?c wklv h{suhvvlrq lv JE ehfdxvh K?3? ' JE?
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Wkh surri wkdw .EU2
$ f lv prglhg olwwoh iurpElfnho*v/ h{fhsw wkdw zh xvh Frqglwlrq D+6, wr hqvxuh
wkdw wkh uvw suredelolw| lq wklv h{suhvvlrq frqyhujhv wr }hur/ dqg Frqglwlrq D+5, wr hqvxuh wkdw wkh
vhfrqg lqglfdwru ixqfwlrq lv htxdo wr }hur lq wkh olplw doprvw hyhu|zkhuh1 Rqh rwkhu prglfdwlrq






E5_5 	 4 Zh fdq vkrz wkdw wklv krogv iru wkh fodvv ri









^4` Dpvohu/ F1H1/ dqg S1 Vfkplgw 4<;81 D Prqwh Fduor lqyhvlwjdwlrq ri wkh dffxudf| ri pxowl0
yduldwh FDSP whvwv1 Mrxuqdo ri Ilqdqfldo Hfrqrplfv 47/ 68<06:81
^5` Edq}/ U1 4<;41 Wkh uhodwlrq ehwzhhq uhwxuq dqg pdunhw ydoxh ri frpprq vwrfnv1 Mrxuqdo ri
Ilqdqfldo Hfrqrplfv <=604;1
^6` Edvx/ V1 4<::1 Wkh lqyhvwphqw shuirupdqfh ri frpprq vwrfnv lq uhodwlrq wkh wkhlu sulfh wr
hduqlqjv udwlrv= d whvw ri wkh h!flhqw pdunhw k|srwkhvlv1 Mrxuqdo ri Ilqdqfh 65=99609;51
^7` Ehudq/ U1 4<:<1 Whvwlqj iru hoolsvrlgdo v|pphwu| ri d pxowlyduldwh ghqvlw|1 Dqqdov ri Vwdwlvwlfv
:=48304951
^8` Ehun/ M1 4<<:1 Qhfhvvdu| frqglwlrqv iru wkh FDSP1 Mrxuqdo ri Hfrqrplf Wkhru| :6=578058:1
^9` Elfnho/ S1M1 4<;51 Rq dgdswlyh hvwlpdwlrq1 Dqqdov ri Vwdwlvwlfv 43=97:09:41
^:` Eodfn/ I1/ P1 Mhqvhq/ dqg P1 Vfkrohv1 4<:51 Wkh fdslwdo dvvhw sulflqj prgho= vrph
hpsulfldo whvwv1 Lq Mhqvhq/ P1 +hg,/ Vwxglhv lq wkh wkhru| ri Fdslwdo Pdunhwv/ Qhz \run/ Sudhjhu1
^;` Eroohuvohy/ W1 4<;:1 D frqglwlrqdo khwhurvnhgdvwlf wlph vhulhv prgho iru vshfxodwlyh sulfhv
dqg udwhv ri uhwxuqv1 Uhylhz ri Hfrqrplf dqg Vwdwlvwlfv/ 9<= 875087:1
^<` Er{/ J1 dqg G1 Fr{1 4<971 Dq dqdo|vlv ri wudqvirupdwlrqv1 Mrxuqdo ri wkh Ur|do Vwdwlvwlfdo
Vrflhw|/ Vhulhv E 54405971
^43` Fdpsehoo/ M1/ Z1 Or/ dqg D1 F1 PdfNlqod|1 4<<:1 Wkh Hfrqrphwulfv ri Ilqdqfldo Pdunhwv1
Sulqfhwrq= Sulqfhwrq Xqlyhuvlw| Suhvv1
^44` Fdvhood/ J1 dqg U1O1 Ehujhu1 4<<31 Vwdwlvwlfdo Lqihuhqfh1 Ehoprqw/ FD= Gx{exu| Suhvv1
^45` Fkdpehuodlq/ J1 4<;61 D fkdudfwhul}dwlrq ri wkh glvwulexwlrqv wkdw lpso| phdq0yduldqfh xwlo0
lw| ixqfwlrqv1 Mrxuqdo ri Hfrqrplf Wkhru| 5<=4;805341
^46` Gdylgvrq/ U1 dqg M1/ PdfNlqqrq1 4<<71 Judsklfdo phwkrgv iru lqyhvwljdwlqj wkh vl}h dqg
srzhu ri k|srwkhvlv whvwv1 Zrunlqj sdshu/ Txhhqv Xqlyhuvlw|1
^47` Idpd/ H1 4<961 Pdqghoeurw dqg wkh vwdeoh Sduhwldq k|srwkhvlv1 Mrxuqdo ri Exvlqhvv 69=753075<1
^48` Idpd/ H1 4<981 Wkh ehkdylrxu ri vwrfn pdunhw sulfhv1 Mrxuqdo ri Exvlqhvv 6;=6704381
64
^49` Idpd/ H1/ dqg N1 Iuhqfk1 4<<51 Wkh furvv0vhfwlrq ri h{shfwhg uhwxuqv1 Mrxuqdo ri Ilqdqfh
7:=75:07981
^4:` Idpd/ H1/ dqg N1 Iuhqfk1 4<<61 Frpprq ulvn idfwruv lq wkh uhwxuqv rq vwrfnv dqg erqgv1
Mrxuqdo ri Ilqdqfldo Hfrqrplfv 66=60891
^4;` Idpd/ H1/ dqg M1 PdfEhwk1 4<:61 Ulvn/ uhwxuq/ dqg htxloleulxp= hpslulfdo whvwv1 Mrxuqdo ri
Srolwlfdo Hfrqrp| :4=93:09691
^4<` Idq/ \1 4<<71 Whvwlqj wkh jrrgqhvv0ri0w ri d sdudphwulf ghqvlw| ixqfwlrq e| nhuqho phwkrgv1
Hfrqrphwulf Wkhru| 43=64906891
^53` Idqj/ N10W1/ V1 Nrw}/ dqg N10Z1 Qj1 4<<31 V|pphwulf Pxowlyduldwh dqg Uhodwhg Glvwulex0
wlrqv1 Orqgrq/ Fkdspdq dqg Kdoo1
^54` Ihuqäqgh}/ F1/ M1 Rvlhzdovnl/ dqg P1I1M1 Vwhho1 4<<81 Prghoolqj dqg lqihuhqfh zlwk
y0vskhulfdo glvwulexwlrqv1 Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq <3=4664046731
^55` Jleerqv/ P1U1 4<;51 Pxowlyduldwh whvwv ri qdqfldo prghov= D qhz dssurdfk1 Mrxuqdo ri Il0
qdqfldo Hfrqrplfv1 43/ 605:1
^56` Jleerqv/ P1/ V1 Urvv/ dqg M1 Vkdqnhq1 4<;<1 D whvw ri wkh h!flhqf| ri d jlyhq sruwirolr1
Hfrqrphwulfd 8:=4454044851
^57` Kçugoh/ Z1/ dqg R1E1 Olqwrq1 4<<71 Dssolhg qrqsdudphwulf phwkrgv1 Lq G1I1 PfIdgghq
dqg U1I1 Hqjoh LLL +hgv1,/ Wkh Kdqgerrn ri Hfrqrphwulfv/ Yro1 LY/ ss1 55<80566</ Qruwk Kroodqg1
^58` Krgjvrq/ G1M1 4<<;d1 Dgdswlyh hvwlpdwlrq ri frlqwhjudwlqj uhjuhvvlrqv zlwk DUPD huuruv1
Mrxuqdo ri Hfrqrphwulfv ;8=564059;1
^59` Krgjvrq/ G1M1 4<<;e1 Dgdswlyh hvwlpdwlrq ri huuru fruuhfwlrq prghov1 Hfrqrphwulf Wkhru|
47=7709<1
^5:` Krgjvrq/ G1M1 53331 Sduwldo pd{lpxp olnholkrrg dqg dgdswlyh hvwlpdwlrq lq wkh suhvhqfh ri
frqglwlrqdo khwhurjhqhlw| ri xqnqrzq irup1 Hfrqrphwulf Uhylhzv 4<=4:905391
^5;` Krgjvrq/ G1M1 dqg Yrunlqn/ N1 53331 Vhplsdudphwulf h!flhqw hvwlpdwlrq ri JDUFK0lq0
phdq prghov dqg wkh frqglwlrqdo FDSP xqghu hoolswlfdo v|pphwu|1 Xqsxeolvkhg/ Xqlyhuvlw| ri
Urfkhvwhu1
^5<` Krurzlw}/ M1 53331 Hvwlpdwlrq ri d jhqhudolvhg dgglwyh prgho zlwk xqnqrzq olqn ixqflwrq1
Iruwkfrplqj/ Hfrqrphwulfd1
65
^63` Kvlhk/ G1D1 dqg Pdqvnl/ F1I1 4<;:1 Prqwh Fduor hylghqfh rq dgdswlyh pd{lpxp olnholkrrg
hvwlpdwlrq ri d uhjuhvvlrq1 Dqqdov ri Vwdwlvwlfv 48=87408841
^64` Lqjhuvroo/ M1 4<;:1 Wkhru| ri Ilqdqfldo Ghflvlrq Pdnlqj1 Wrwrzd/ QM= Urzdq ) Olwwohhog1
^65` Mdutxh/ F1P1 dqg D1N1 Ehud1 4<;31 H!flhqw whvwv iru qrupdolw|/ khwhurvnhgdvwlflw|/ dqg
vhuldo lqghshqghqfh ri uhjuhvvlrq uhvlgxdov1 Hfrqrplfv Ohwwhuv 9=588058<1
^66` Mhjdqdwkdq/ S1 4<<81 Vrph dvshfwv ri dv|pswrwlf wkhru| zlwk dssolfdwlrqv wr wlph vhulhv
prghov1 Hfrqrphwulf Wkhru| 44=;4;0;;:1
^67` Nhonhu/ G1 4<:31 Glvwulexwlrq wkhru| ri vskhulfdo glvwulexwlrqv dqg d orfdwlrq0vfdoh jhqhudo0
l}dwlrq1 Vdqnk|d D 65=74<07631
^68` Nuhlvv/ M10S1 4<;:1 Rq dgdswlyh hvwlpdwlrq lq vwdwlrqdu| DUPD surfhvvhv1 Dqqdov ri Vwdwlvwlfv
48=44504661
^69` Olqwqhu/ M1 4<981 Wkh ydoxdwlrq ri ulvn| dvvhwv dqg wkh vhohfwlrq ri ulvn| lqyhvwphqwv lq vwrfn
sruwirolrv dqg fdslwdo exgjhwv1 Uhylhz ri Hfrqrplfv dqg Vwdwlvwlfv 7:= 4606:1
^6:` Olqwrq/ R1 4<<61 Dgdswlyh hvwlpdwlrq lq DUFK prghov1 Hfrqrphwulf Wkhru| <=86<089<1
^6;` Olqwrq/ R1 4<<81 Vhfrqg rughu dssur{lpdwlrqv lq d sduwldoo| olqhdu uhjuhvvlrq prgho1 Hfrqr0
phwulfd 96/ 43:<044461
^6<` PdfNlqod|/ D1 F1 4<;:1 Rq pxowlyduldwh whvwv ri wkh FDSP1 Mrxuqdo ri Ilqdqfldo Hfrqrplfv
4;=67506:51
^73` Pdqghoeurw/ E1 4<961 Wkh yduldwlrq ri fhuwdlq vshfxodwlyh sulfhv1 Mrxuqdo ri Exvlqhvv 69=6<70
74<1
^74` Pdugld/ N1Y1 4<:31 Phdvxuhv ri pxowlyduldwh vnhzqhvv dqg nxuwrvlv zlwk dssolfdwlrqv1
Elrphwulnd 8:=84<08631
^75` Plwfkhoo/ D1I1V1 4<;<1 Wkh lqirupdwlrq pdwul{/ vnhzqhvv whqvru dqg k0frqqhfwlrqv iru wkh
jhqhudo pxowlyduldwh hoolswlf glvwulexwlrq1 Dqqdov ri wkh Lqvwlwxwh ri Pdwkhpdwlfdo Vwdwlvwlfv
+Wrn|r, 74=5;<06371
^76` Pxlukhdg/ U1M1 4<;51 Dvshfwv ri Pxowlyduldwh Vwdwlvwlfdo Wkhru|1 Qhz \run= Zloh|1
^77` Qhovrq/ G1 4<<41 Frqglwlrqdo khwhurvnhgdvwlflw| lq dvvhw uhwxuqv= D qhz dssurdfk/ Hfrqr0
phwulfd1 8<= 67:06:31
66
^78` Rzhq/ M1/ dqg U1 Udelqrylwfk1 4<;61 Rq wkh fodvv ri hoolswlfdo glvwulexwlrqv dqg wkhlu
dssolfdwlrqv wr wkh wkhru| ri sruwirolr fkrlfh1 Mrxuqdo ri Ilqdqfh 6;=:780:851
^79` Skloolsv/ S1F1E1/ M1Z1 PfIduodqg/ dqg S1F1 PfPdkrq1 4<<91 Urexvw whvwv ri iruzdug
h{fkdqjh pdunhw h!flhqf| zlwk hpslulfdo hylghqfh iurp wkh 4<53*v1 Mrxuqdo ri Dssolhg Hfrqr0
phwulfv 44=40551
^7:` Urelqvrq/ S1 P1 +4<;;,= Wkh Vwrfkdvwlf Glhuhqfh ehwzhhq Hfrqrphwulf Vwdwlvwlfv/ Hfrqr0
phwulfd/ 89/ 864087;1
^7;` Urwkhqehuj/ W1M1/ dqg F1W1 Ohhqghuv +4<97,1 H!flhqw hvwlpdwlrq ri vlpxowdqhrxv htxd0
wlrq v|vwhpv1 Hfrqrphwulfd 65/ 8:0:91
^7<` Vfklfn/ D1 4<;:1 D qrwh rq wkh frqvwuxfwlrq ri dv|pswrwlfdoo| olqhdu hvwlpdwruv1 Mrxuqdo ri
Vwdwlvwlfdo Sodqqlqj dqg Lqihuhqfh 49=;<04381
^83` Vfkxvwhu/ H1I1 4<;81 Lqfrusrudwlqj vxssruw frqvwudlqwv lqwr qrqsdudphwulf hvwlpdwruv ri ghq0
vlwlhv1 Frppxqlfdwlrqv lq Vwdwlvwlfv 0 Wkhru| dqg Phwkrgv 47/ 4456044691
^84` Vkdush/ Z1 4<971 Fdslwdo dvvhw sulfhv= D wkhru| ri pdunhw htxloleulxp xqghu frqglwlrqv ri
ulvn1 Mrxuqdo ri Ilqdqfh 4< 75807751
^85` Vloyhupdq/ E1Z1 4<;91 Ghqvlw| Hvwlpdwlrq iru Vwdwlvwlfv dqg Gdwd Dqdo|vlv1 Orqgrq= Fkds0
pdq ) Kdoo1
^86` Vwdpedxjk/ U1I1 4<;51 Rq wkh h{foxvlrq ri dvvhwv iurp whvwv ri wkh wzr0sdudphwhu prgho= D
vhqvlwlylw| dqdo|vlv1 Mrxuqdo ri Ilqdqfldo Hfrqrplfv 43/ 56:059;1
^87` Vwrqh/ F1 4<:81 Dgdswlyh pd{lpxp olnholkrrg hvwlpdwlrq ri d orfdwlrq sdudphwhu1 Dqqdov ri
Vwdwlvwlfv 6=59:05;71
^88` Vwxwh/ Z1 dqg Zhuqhu/ X1 4<<41 Qrqsdudphwulf hvwlpdwlrq ri hoolswlfdoo| frqwrxuhg ghq0
vlwlhv1 Lq Urxvvdv/ J1 +hg1,/ Qrqsdudphwulf Ixqfwlrqdo Hvwlpdwlrq dqg Uhodwhg Wrslfv/ Noxzhu
Dfdghplf Sxeolvkhuv/ ss1 4:604<31
^89` Ydq Suddj E1 dqg D1 Zhvvhopdq/ 4<;:1 Hoolswlfdo uhjuhvvlrq rshudwlrqdol}hg1 Hfrqrplfv
Ohwwhuv 56=59<05:71
^8:` Yrunlqn/ N1 4<<<1 Lpsuryhg srzhu lq whvwlqj dvvhw sulflqj prghov/ Xqsxeolvkhg pdqxvfulsw/
Euljkdp \rxqj Xqlyhuvlw|1
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^8;` Zdqg/ P1S1/ M1V1 Pduurq/ dqg G1 Uxsshuw1 4<<41 Wudqvirupdwlrqv lq Ghqvlw| Hvwlpdwlrq
+zlwk glvfxvvlrq, Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq ;9/ 67606941
^8<` Zklwh/ K1 4<;31 D khwhurvnhgdvwlflw|0frqvlvwhqw fryduldqfh pdwul{ hvwlpdwru dqg d gluhfw whvw
iru khwhurvnhgdvwlflw|1 Hfrqrphwulfd 7;=;4:0;6;1
^93` Zklwh/ K1 4<;51 Pd{lpxp olnholkrrg hvwlpdwlrq ri plvvshflhg prghov1 Hfrqrphwulfd 83=40581
^94` ]krx/ J1 4<<61 Dvvhw sulflqj whvwv xqghu dowhuqdwlyh glvwulexwlrqv1 Mrxuqdo ri Ilqdqfh 7;=4<5:0
4<751
68
